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ABSTRACT
Successful management of the runnability of a paper web is critical for both print-
ing houses and paper suppliers. The production rate and quality depends on the
runnability of the paper web. In a printing press as well as at paper mills the
paper web is subjected to different types of loading conditions. In order to ana-
lyze the influence of these loading conditions on the mechanical behaviour of the
web, a realistic rheological model of paper is needed. Considering the time- and
rate-dependent nature of paper and paper making processes, a natural basis for a
paper web analysis would be a viscoelastic material model.
For modelling the behaviour of materials reliably, the material functions or
parameters must be accurately determined in the range over which the model is
employed. For viscoelastic materials the model must be valid in the time range of
its application. For runnability applications the time range is short. A material
particle of a moving paper web can pass through a single draw in a fraction of
a second and through the whole paper machine in a few seconds. Thus, it is
important that the model is accurate in short time ranges. However, typical
viscoelastic tests have difficulties in providing adequate response function data in
short time ranges.
The objective of this thesis is to develop efficient parameter estimation methods
which can be applied in the determination of viscoelastic models of paper. More
specifically, an estimation of viscoelastic material functions from ramp-type tests
is considered. In addition, direct estimation methods which enable estimating ma-
terial functions from a single experiment under an arbitrary input are also derived
and analyzed. Furthermore, a comparison is made of the performance of different
time integrators of a linear viscoelastic model which may be needed when deter-
ministic material parameter estimation methods are used or when a viscoelastic
material model of paper is implemented in a commercial finite element code.
PACS Classification: 62.20.-x, 83.60.Bc, 83.60.Df, 83.85.Ns, 83.80.Mc
Universal Decimal Classification: 676.017, 676.017.73, 532.135, 519.6
INSPEC Thesaurus: paper; paper making; mechanical properties; modelling; rhe-
ology; viscoelasticity; creep; relaxation; parameter estimation; numerical analysis
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Chapter 1
Introduction
Increased machine speeds and web widths in modern papermaking make the web
handling a challenging problem. The main runnability problems are web breaks
which decrease the productivity. Web breaks are influenced by many factors,
such as the tension profile of the web [63] and the rate-dependent behaviour of
paper [29]. With mechanical modelling it is possible to achieve deeper physical
understanding of the web dynamics. However, for the mechanical modelling of the
paper web, a realistic material model of paper is needed.
1.1 Material modelling of paper
Paper is a complex heterogeneous material. The heterogeneity arises in the sheet
forming process which starts from the wet end of the paper machine where the
headbox distributes the fiber suspension across a wire. The fibers tend to align in
the direction of the moving former fabric. This direction is known as the machine
direction (MD). The perpendicular in-plane direction is called the cross machine
direction (CD). The fiber suspension in the headbox contains about 99 per cent of
water. After the headbox, the dewatering process begins. The web passes through
the forming and press sections to the dryer section. After the dryer section the
total solid content of the paper web has increased to about 91-95 per cent [33].
The moisture content has a strong influence on the mechanical behaviour of paper.
MD
CD
ZD
Figure 1.1: Principal material directions of machine made paper.
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The final paper has a planar network structure which consists of fillers, fines
and randomly orientated and positioned fibers. The heterogeneity makes paper a
challenging material to model. In the contents of the finite element method (FEM)
the heterogeneity of paper can be handled by allowing the mechanical properties to
vary element wisely [42, 88]. However, on a sufficiently large scale paper generally
exhibits homogeneous material behaviour. Thus, from a continuum mechanical
point of view, a paper sheet can be considered an anisotropic homogeneous mate-
rial. In modelling applications the anisotropic behaviour of paper is often handled
by assuming paper to behave orthotropically. An orthotropic material has three
orthogonal planes of symmetry which can be chosen as coordinate planes. In the
case of machine made paper, the principal material directions commonly coincide
with MD, CD and the thickness direction (ZD), as illustrated in Figure 1.1.
In the paper physics literature [2, 59] paper is classified as a viscoelastic, plastic
material. The behaviour of paper is thus governed both by time-dependent and
irreversible effects. However, as for most materials, when the strain levels are low,
the mechanical behaviour can be essentially explained by the theory of elasticity.
Linear elastic treatment of paper is a common approach in multiaxial modelling
applications, see e.g. [40, 42, 6]. Several researchers have measured the elastic
constants of paper and paperboard [13, 51, 52]. Typical values for the elastic
modulus in MD are around a few, say 2-10, gigapascals1. The value of the modulus
decreases as the moisture content or temperature increases [35, 71, 92]. Due to
the anisotropic nature of paper, the mechanical response depends on the loading
direction, see Figure 1.2. The elastic modulus in MD is typically 1-5 times greater
than the modulus in CD. For thin materials, such as paper, the in-plane shear
modulus is very difficult to measure by quasi-static experiments. According to an
empirical relation developed by Baum et al. [7], the shear modulus depends on
the in-plane moduli as G ≈ 0.387(EMDECD)
1/2. The value of the Poisson’s ratio,
i.e. the ratio of the relative contraction strain in CD to the relative extension
strain in MD in the uniaxial extension, ranges from 0.15 to 0.50 for paper [32].
The out-of-plane mechanical properties of paper have been discussed in references
[81, 80].
The plasticity of paper can be seen from the stress-strain curve. Upon un-
loading, even when the stresses are small, permanent strains are developed. The
stress-strain curve of paper is characterized by an initial linear region which is fol-
lowed by a non-linear region. The transition from the linear to non-linear region
takes place smoothly, which can make the definition of the yield point difficult. The
non-linear curve can be accurately modelled by a hyperbolic function [14, 90]. Sev-
eral multiaxial plastic models, based on the classical plasticity theory, have been
proposed for paper and paperboard. Both associative [57, 89] and non-associative
[23] models have been used. Classical plastic models have been used in the analysis
1The heterogeneity and compressibility of paper makes the thickness of paper difficult to
measure and define. Hence, in the field of paper technology, it is a rather common custom to
express the in-plane mechanical components in units that ignore the thickness of paper sheet. In
units of N/m, the typical elastic modulus, or tensile stiffness, of paper in MD is around 300-500
kilos.
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Figure 1.2: Tensile load-elongation curves in MD and CD of fine paper at dif-
ferent rates of elongation. A solid line represents elongation with a strain rate of
1%/s and a dashed line elongation with a strain rate of 10%/s.
of the in-plane fracture of paper [83] as well as in printing nip [87] and calendering
nip [69] simulations.
The mechanical behaviour of paper respect to load is time- and rate-dependent,
which characterizes the viscoelastic nature of paper. Due to the rate-dependency,
in a tensile test an increase in strain rate results in an increase in stress, as shown
in Figure 1.2. The rate-dependency can also be observed in the tensile strength of
paper which is directly proportional to the strain rate [59]. The time-dependent
behaviour of paper, creep and relaxation, is strongly influenced by the moisture
content [24]. For a dry paper the time-dependency is very low: the entire relaxation
process can occur in a few seconds.
The interest toward understanding the viscoelastic properties of paper arose in
1940’s [16, 53]. One of the first intensive studies on the time-dependent deforma-
tion of paper was conducted by Brezinski [12] who studied tensile creep properties
of paper at different loading and relative humidity levels. From a material mod-
elling point of view, the most interesting finding was the observation that the creep
compliance was a function of stress, which indicates that paper exhibits non-linear
viscoelastic behaviour. The non-linear viscoelastic behaviour of paper has also
been observed in stress relaxation experiments. However, it has been argued that
the non-linear creep and relaxation behaviour of paper is due to the non-linear
plastic, not viscous, effects experienced by paper [56]. Furthermore, it seems that
the usefulness of nonlinear theories in modelling applications is apparent only at
high strain levels [78]. Since the early work of Steenberg [79] and Brezinski, many
constitutive models have been proposed to explain the viscoelastic deformation of
paper. Uniaxial non-linear models have been proposed by Pecht et al. [65, 64],
multiaxial linear models by Uesaka et al. [86] and Lif and co-workers [45, 46].
Multiaxial constitutive models have been applied in studies of offset printing [44]
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and dimensional stability of paper [50, 85].
1.2 Aims of this thesis
A common feature in the viscoelastic constitutive modelling of paper is that the
models are designed to work in a large time span. However, due to high web speeds,
in the viscoelastic stress analysis of a paper web it is important that the model
accurately predicts the short-time behaviour of the web. This is a challenging
task since typical viscoelastic tests have difficulties in providing adequate short-
time response function data from which the model can be determined.
The aim of this thesis is to develop efficient parameter estimation methods
which can be applied in the determination of viscoelastic models of paper. An
estimation of the material parameters from ramp-type relaxation tests as well as
frommore general loading programs is considered. In addition, the performances of
various time integrators of a linear viscoelastic model are compared and analyzed.
Efficient time integrators may be needed in deterministic parameter estimation
approaches and in the finite element analysis of a paper web.
Chapter 2
Viscoelasticity
As the name indicates, a viscoelastic material exhibits both viscous fluid and elas-
tic solid characteristics. Therefore, viscoelastic deformation is recoverable and
time-dependent. Examples of mechanical characteristics that set a viscoelastic
material apart from an elastic and plastic material are stress relaxation under con-
stant strain, creep under constant load and rate-dependent response. All materials
exhibit viscoelastic behaviour to some extent. Examples of materials showing pro-
found characteristics of viscoelasticity are paper, wood, polymers, concrete and
metals at elevated temperatures [20].
The mathematical formalism of viscoelasticity is based on a differential or
integral representation. From a mathematical point of view, the differential rep-
resentation is easier to handle than the integral representation. However, the
integral representation is capable of predicting the time dependence more gener-
ally [20]. Also fractional order models have been used to model viscoelasticity,
see e.g. [70]. A serious drawback of the fractional order models is the difficulty
to handle fractional order operators numerically. In this thesis, we consider the
integral representation of viscoelasticity.
2.1 Constitutive laws
2.1.1 Linear viscoelasticity
The integral representation of the linear theory of viscoelasticity is based on Boltz-
mann’s superposition integral which is a Volterra’s integral equation of the first
kind. Viscoelastic constitutive laws can be expressed using either a relaxation or
creep-based formulation. In the relaxation description the constitutive equation
for linear viscoelasticity is given by
σ(t) =
∫ t
−∞
E(t− τ)˙(τ)dτ , (2.1)
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where the relaxation modulus E(t) is a smooth, positive and decreasing function
of time. The creep-based formulation is given by
(t) =
∫ t
−∞
D(t− τ)σ˙(τ)dτ , (2.2)
where the creep compliance D(t) is a smooth, positive and increasing function of
time. The modulus and compliance are related through a convolution integral
t =
∫ t
0
E(t− τ)D(τ)dτ =
∫ t
0
D(t− τ)E(τ)dτ , (2.3)
which is also known as the interconversion equation. Commonly, the kernel func-
tions are represented via the power law [20], stretched exponential [31] or Prony
series:
E(t) = E∞ +
N∑
i=1
Eie
−t/λi (2.4)
D(t) = D0 +
N∑
i=1
Di
(
1− e−t/τi
)
(2.5)
where E∞ is the equilibrium modulus, Ei is the spectrum strength of relaxation
time λi, D0 is the instantaneous compliance and Di is the spectrum strength of
retardation time τi. For a physically realistic material, all the coefficients in the
Prony series should be positive [19]. The relaxation and retardation times are
commonly a priori chosen, for example, equidistantly on the logarithmic time axis
one or two per decade of experimental data [37].
2.1.2 Nonlinear viscoelasticity
Although the well established theory of linear viscoelasticity is a valuable theory
in the modelling of the time-dependent behavior of many engineering materials,
most of the materials are nonlinearly viscoelastic [74]. Many constitutive equa-
tions have been developed for nonlinear viscoelasticity, from multiple (see e.g. [20])
to single integral formulations [9, 18, 36, 72]. Perhaps due to the complexity of
the multiple integral formulation, the single integral representations have been the
most widely applied theories. Especially the thermodynamic based theory of non-
linear viscoelasticity developed by Schapery [72, 73] has been found a convenient
one, see for example [76]. Schapery’s model utilizes the same structure as the lin-
ear integral model. In addition, several nonlinear models, such as the Leaderman
model and the free volume approach by Knauss and Emri [36], can be interpreted
as a special case of the Schapery model. Schapery’s nonlinear viscoelastic model
is given by
σ(t) = h0E∞(t) + h1
∫ t
0
∆E(ρ(t)− ρ(τ))
d
dτ
(h2(τ))dτ, (2.6)
(t) = g0D0σ(t) + g1
∫ t
0
∆D(ψ(t) − ψ(τ))
d
dτ
(g2σ(τ))dτ (2.7)
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in the relaxation and creep description, respectively. The reduced times are defined
as
ρ(t) =
∫ t
0
dt′
a((t′))
, ψ(t) =
∫ t
0
dt′
aσ(σ(t′))
. (2.8)
The model uses functions hi(), a() and gi(σ), aσ(σ) to describe the nonlinearity
of the material response. In addition, the modulus and compliance have been
split into two parts: E∞ = E(∞) is the equilibrium value of the modulus and
∆E(t) = E(t)−E∞ is the transient component of the modulus, D0 = D(0) is the
initial value of the compliance and ∆D(t) = D(t)−D0 is the transient component
of the compliance. When the nonlinearity parameters equal to unity, the model
reduces to the linear viscoelastic model. For a more comprehensive survey of
Schapery-type models, the readers are referred to recent reference [43].
2.2 Determination of the material functions
For modelling the behaviour of materials reliably, the material functions in the
constitutive equation must be accurately determined. For a linearly viscoelastic
material, either the creep compliance or relaxation modulus must be determined.
For the displacement based FE-method, it is convenient to use the relaxation-
based constitutive equation. However, the creep test is easier to perform than
the relaxation test. The material functions also emphasize different information
[66, 84]. According to Tschoegl [84], the relaxation modulus emphasizes the short-
time behaviour whereas the creep compliance emphasizes the long-time behaviour.
Consequently, it is often meaningful to determine both material functions.
To determine the relaxation modulus and creep compliance in the time-domain,
one can either perform two separate experiments, namely creep and relaxation
tests, or conduct a single experiment and use the interconversion equation, which
relates the material functions, to solve the unknown material function. An alter-
native approach in which the material functions were determined from a single
experiment called spring loading was recently presented by Nikonov et al. [58].
Whichever identification route is followed, several difficulties rise. First of all,
in an ideal creep or relaxation test the load or deformation is applied instanta-
neously. However, such a step excitation cannot be produced with a real test
apparatus. Secondly, the interconversion problem is an ill-posed problem. To
summarize, if a non-ideal viscoelastic experiment is performed and both material
functions are to be approximated, several problematic steps have to be executed
before the linear viscoelastic material functions are determined. To avoid these
problems, two alternative approaches for estimating both linear viscoelastic ma-
terial functions directly from a single experiment under random excitation are
derived and analyzed in paper [IV].
2.2.1 Ramp tests
The viscoelastic material functions are traditionally evaluated from creep and re-
laxation tests. However, these tests have difficulties in providing adequate re-
sponse function data in short time ranges. In an ideal creep or relaxation test
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a constant load or deformation is applied infinitely fast. However, due to inertia
effects, step tests are impossible to perform. Finite time is required to attain the
desired plateau level. In practice, the creep and relaxation tests are realized by a
ramp history wherein the load or deformation is (nearly) linearly increased to a
predetermined value, see Figure 2.1.
Since the ramp-up phase is generally quite short, typically in the order of a
second, the effect of the ramp is often bypassed by using the factor-of-ten rule
[34]. In the factor-of-ten rule it is assumed that the true and step responses equal
at times larger than ten times the ramp time; that is, at times greater than 10t0
the step strain definition E(t) = σ(t)/0 is valid. The data at times less than ten
times the ramp time is thus discarded if the rule-of-thumb is used. However, for
materials which exhibit fast relaxation, almost the entire relaxation process can
occur in the discard data range [54].
Clearly, the validity of the rule depends on the evolution of the relaxation.
Knauss and Zhao [37] argued that the rule is very conservative. A similar conclu-
sion can be drawn from the analytical considerations by Lou and Schapery [49].
For typical power law kernels they found that the error was less than 5% at times
greater than 5t0. On the other hand, according to Flory and McKenna [21] and
Chang [15], more than time 100t0 may be needed to wait until the error between
the responses becomes insignificant.
Several methods, for both linear [10, 34, 37, 41, 55, 77] and nonlinear models
[1, 60, 91], have been proposed to determine viscoelastic material functions from
ramp-type tests. A method based on a simple shift in the time scale was introduced
by Zapas and Phillips [91]. Their method is simple to use but it is applicable only
at times t ≥ t0/2. Recursive methods have been proposed by Kelchner and Aklonis
[34], Meissner [55], Bhushan and Dauer [10],Smith [77] and recently by Lee and
Knauss [41]. Due to the recursive property, the methods are inherently unstable.
Paper [I] introduces a nonrecursive approximate method that can be applied to
the whole time interval of the relaxation test.
For the creep based Schapery’s nonlinear model, Nordin and Varna [60] pro-
posed a parameter identification methodology where the constant stress level in a
creep test was attained by applying half of the stress at time t = 0 and the ad-
ditional half at time t = t0/2. However, the resulting equations are cumbersome
and for this reason a more simple formula is proposed in paper [II].
ε
tt0
ε0
Figure 2.1: Ramp strain history.
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2.2.2 Interconversion
The interconversion problem can be solved in several different ways. The choice
of the method depends on available information. In the simplest case, the (un-
known) target function can be determined analytically. However, if the form of the
(known) source function is complex, it is difficult or impossible to derive a closed
form solution for the target function. Another simple way to approach the inter-
conversion problem is to use approximate or empirical methods [61, 84]. However,
approximate methods tend to simplify the underlying viscoelastic behaviour. In
practice, the interconversion problem is solved numerically.
The interconversion equation is a Volterra integral equation of the first kind.
The Volterra equations of the first kind are ill-posed and thus difficult to solve
numerically [47]. Standard numerical integration rules do not necessary lead to a
convergent method [47]. Furthermore, the solution of numerical methods tends to
be highly unstable under experiment-induced perturbations. However, in paper
[III], it is shown that interconversion methods that are based on the numerical
evaluation of the interconversion integral can be reliably used even with the pres-
ence of measurement noise. The earliest numerical interconversion method was
introduced by Hopkins and Hamming [28]. They divided the interconversion in-
tegral into subintervals and applied the trapezoidal rule to evaluate each integral.
An improved quadrature method was introduced by Knoff and Hopkins [38]. In
the improved method both material functions were assumed to be piecewise linear.
They also noted that the conversion from creep compliance to relaxation modulus
is extraordinarily sensitive to noise and recommended that for the interconversion
the equivalent Volterra equation of the second kind should be employed rather than
the equation of the first kind. Recently Anderssen and co-workers established, for
discrete [3] and continuous models [4], that the interconversion from creep compli-
ance to relaxation modulus is indeed unstable (in the sense that errors in modulus
are not bounded by errors in compliance) unlike the inverse conversion.
Numerical interconversion methods that are based on the use of Prony series
have been also proposed. Either source [17], target [48] or both functions [11, 62]
are represented with Prony series. However, the Prony series approach does not
remove the ill-posedness of the problem [58].
2.3 Time integration
One of the most important issues in computational inelasticity is the time integra-
tion of inelastic constitutive equations. Efficient time integrators may be needed
in deterministic parameter estimation methods, like in the estimation approach
presented in paper [IV], in interconversion methods as well as in FEM.
Since viscoelastic materials possess memory, the entire excitation history must
be kept in memory in order to evaluate the viscoelastic stress response numerically.
The storage problem can be eliminated by representing the kernel function as a
Prony series. In conventional semi-analytical methods the Prony series represen-
tation is combined with a simplified assumption of the loading program within a
time increment. For the linear integral model, constant [94], piecewise constant
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[26], linear [82] and even exponential [5] variation of strain or stress has been used.
Similar semi-analytical integration strategies have also been successfully applied
for many other constitutive models [8, 25, 27, 30, 75]. For an in-depth litera-
ture review on the viscoelastic stress analysis, the interested reader is referred to
reference [95].
When the kernel function is represented with the Prony series, the problem
of integrating the viscoelastic constitutive equation is equivalent to the problem
of integrating an evolution equation of a Maxwell element, which is a first order
differential equation. Examples of work that uses the differential approach are
found in references [67, 68, 22]. According to Poon and Ahmad [67], the differential
approach enables flexibility in choosing of a suitable time integrator. However, in
literature [8, 93] the conventional semi-analytical methods are considered superior
over the typical low-order Runge-Kutta methods, such as the backward Euler and
trapezoidal method. Indeed, as argued in [93], the backward Euler method is
asymptotically only first-order accurate. However, the asymptotic convergence
rate does not necessarily indicate high accuracy outside the asymptotic range [39].
Thus, when the time step is large, the backward Euler method may perform better
than higher-order methods.
The time integration in linear viscoelasticity can be considered to be rather well
established in the sense that there exist robust and accurate methods. Nonetheless,
it seems that rather little is known about discrepancies and advantages of the
different integrators. As far as the author is aware of, no particular work exists
that actually compares the performance of the different methods. It is important
that the behaviour of the integrators is well understood since they are used in
a variety of applications. Furthermore, integrators of the linear model are often
extended to handle also nonlinear viscoelastic models.
In paper [V], the performance of different time integrators of the linear vis-
coelastic integral model is analyzed. A local error analysis as well as numerical
simulations are used to compare the conventional semi-analytical methods and
low-order Runge-Kutta methods.
Chapter 3
Summary and conclusions
This thesis discusses the determination of material functions of viscoelastic consti-
tutive models. The emphasis has been given to short-time viscoelastic behaviour
which is important when modelling the time- and rate-dependent behaviour of a
paper web. The main results of this thesis can be summarized as follows:
(I) An alternative method for estimating the relaxation modulus from ramp data
was presented. The method represents improvement over existing methods
since it is nonrecursive and can be applied to the whole time interval of the
relaxation test. A shortcoming of the proposed method is the numerical
instability associated with numerical differentiation of stress. However, it
was shown that this instability can be kept under control by adjusting the
time step.
(II) A simple formula for the prediction of stress in the relaxation phase of a
ramp experiment was derived for Schapery’s nonlinear viscoelastic model.
The applicability of the formula was compared to existing methods. It was
found that in all simulated cases the proposed formula produced the smallest
error.
(III) An estimation approach to determine the creep compliance from a ramp re-
laxation test data was established and analyzed. First, the method derived
in (I) was used to determine the relaxation modulus. Then the creep compli-
ance was numerically determined from a discretized interconversion equation
with the aid of Tikhonov regularization. It was found that interconversion
methods based on the numerical evaluation of the interconversion equation
can be successfully used even with the presence of measurement noise and
non-ideal loading.
(IV) Two novel approaches to determine the relaxation modulus and creep com-
pliance from experimental data were introduced. Unlike conventional ap-
proaches, these approaches enable direct estimation of both material func-
tions from a single experiment under random excitation. Although some
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difficulties were observed, the results indicate that both approaches estimate
the material functions with acceptable accuracy.
(V) The performance of different time integrators of the integral model of lin-
ear viscoelasticity was analyzed and compared. Both conventional semi-
analytical (SA) and low-order implicit Runge-Kutta (RK) methods were
considered. It was found that the difference between typical SA and RK
methods is in the order of approximation of the exponential function. It was
also concluded, based on the overall performance of the integrators, that the
SA method which is based on linear variation of strain is a superior choice.
However, the two-stage Lobatto IIIC Runge-Kutta method was found to
behave very similarly to the linear variation SA method.
A challenging future task is to accurately model the nonlinear viscoelastic be-
haviour of paper. For this purpose, Schapery-type nonlinear models could be used.
As compared to many other nonlinear viscoelastic theories, Schapery’s theory can
be regarded to be rather well established. Furthermore, it can also be extended to
take into account plastic, i.e. irreversible, effects. However, the model parameters
in Schapery’s model cannot be straightforwardly determined, at least when con-
sidering relatively short time range modelling applications. Typically, the model
parameters are evaluated from multiple step relaxation or creep tests, such as
creep-recovery tests. A possible future work could thus include efficient param-
eter identification of the nonlinear model. For this task, a similar least-squares
optimization approach as presented in paper [IV] could be used. For choosing a
proper integrator for the optimization approach, knowledge of paper [V] could be
utilized.
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Abstract In this paper, a numerical method for computing the relaxation modulus of a lin-
early viscoelastic material is presented. The method is valid for relaxation tests where a
constant strain rate is followed by a constant strain. The method is similar to the procedure
suggested by Zapas and Phillips. Unlike Zapas-Phillips approach, this new method can be
also applied for times shorter than t1/2, where t1 denotes time when the maximum strain is
achieved. Therefore this method is very suitable for materials that experiences fast relaxation.
The method is verified with numerical simulations. Results from the simulations are com-
pared with analytical solution and Zapas-Phillips method. Results indicate that the presented
approach is suitable for estimating the relaxation modulus.
Keywords Numerical algorithm . Relaxation test . Finite ramp time . Relaxation modulus .
Linear viscoelasticity
1. Introduction
The fundamental behavior of a linearly viscoelastic material depends on the relaxation modu-
lus. The relaxation modulus can be determined by applying a step-strain. As it is well known,
in practice the step-strain test cannot be performed due to a infinite short ramp time. In this
work it is assumed that the constant strain level 0 is applied with the constant rate of strain
˙0. The ramp time is taken to be t1, thus 0 = ˙0t1.
Zapas and Phillips (1971) developed a method where the true relaxation time is t − t1/2.
The Zapas-Phillips method is simple to use but it cannot be applied times shorter than t1/2.
For materials with significant stress decay in the beginning of the relaxation test it is also
necessary that relaxation modulus can be determined in the time period t < t1/2.
Lee and Knauss (2000) derived a forward and backward recursive procedures for the
determination of relaxation modulus from ramp test. These methods are very accurate if the
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following requirements are fulfilled. For the backward computation technique the ‘factor-of-
10’ rule (Meissner, 1978) must hold, that is, at t ≥ 10t1 relaxation modulus can be determined
from the step-strain case, i.e. E(t) = σ (t)/0, where E(t) is the relaxation modulus. Since
the backward method is recursive and contains numerical differentiation of stress, noise level
should be rather low. For the forward computation technique the stress has to be measured
with good accuracy at t ≤ t1.
The Zapas-Phillips and the backward Lee-Knauss method was compared by Flory and
McKenna (2004). They concluded that the Zapas-Phillips method provides a better approx-
imation of the relaxation modulus than the Lee-Knauss method.
Various other methods have been also proposed, such as Kelchner and Aklonis (1971) and
Smith (1979) for obtaining the relaxation modulus from non-ideal relaxation test. Procedure
proposed by Kelchner and Aklonis (1971) requires that the ‘factor-of-10’ is valid and the
method developed by Smith (1979) uses the stress history in the time interval t < t1 (Flory
and McKenna, 2004).
The aim of this paper is to derive an alternative method to approximate relaxation modulus
of linear viscoelastic systems. The proposed method is a simple nonrecursive method that
avoids the ‘factor-of-10’ rule described earlier. Moreover, this method can be also applied
times shorten than t1 without using the stress history in the time interval t < t1. The method
can be easily derived from the linear viscoelastic constitutive equation and it is tested with
numerical simulations. Results from the simulations indicate that the accuracy for estimating
the relaxation modulus is in the same level as with the Zapas-Phillips method.
2. Methods of analysis
2.1. Relaxation test
The integral representation of viscoelastic constitutive equation takes the form (Findley et al.,
1989)
σ (t) =
∫ t
0
E(t − τ )˙(τ ) dτ , (1)
where σ is the stress, t is the time, E is the relaxation modulus and ˙ is the strain rate.
The strain in the relaxation test is shown in Figure 1 and it can be written as
(t) =
{
˙0t t < t1
0 t ≥ t1
. (2)
Equation (1) then becomes
σ (t) =
⎧
⎪
⎪
⎨
⎪
⎪
⎩
˙0
∫ t
0
E(t − τ ) dτ t < t1
˙0
∫ t1
0
E(t − τ ) dτ t ≥ t1
. (3)
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Mech Time-Depend Mater (2006) 10:125–133 127
Fig. 1 Strain in the relaxation
test
2.2. Zapas-Phillips method
Zapas and Phillips (1971) derived their method using the incompressible isothermal form of
the BKZ theory (Bernstein et al., 1963) as the constitutive equation for viscoelastic material.
However, the Zapas-Phillips method can be also derived from Equation (3) as follows.
The stress at time t ≥ t1 is given by
σ (t) = ˙0
∫ t1
0
E(t − τ ) dτ. (4)
Using a simple numerical integration rule, midpoint rule, Equation (4) becomes
σ (t) = ˙0t1 E(t − t1/2) = 0 E(t − t1/2). (5)
Then the relaxation modulus is given by
E(t − t1/2) = σ (t)
0
t ≥ t1, (6)
or (Flory and McKenna, 2004)
E(t) = σ (t + t1/2)
0
t ≥ t1/2. (7)
Error estimate for the used midpoint rule is (Bakhvalov, 1977)
ε = t
3
1
24
E ′′. (8)
2.3. Proposed method
We differentiate Equation (4) with respect to time. This yields
σ˙ (t) = ˙0
∫ t1
0
∂t E(t − τ ) dτ = −˙0
∫ t1
0
∂τ E(t − τ ) dτ (9)
= ˙0(E(t) − E(t − t1)). (10)
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128 Mech Time-Depend Mater (2006) 10:125–133
Then the relaxation modulus at time t is given by
E(t) = σ˙ (t)
˙0
+ E(t − t1). (11)
This is also the backward method introduced by Lee and Knauss (2000). On the other hand,
we use two point trapezoidal rule to integrate Equation (4) numerically, giving
σ (t) = 1
2
˙0t1(E(t − t1) + E(t)) = 120(E(t − t1) + E(t)). (12)
Substituting Equation (11) in Equation (12) gives
E(t − t1) = σ (t)
0
− σ˙ (t)
2˙0
t ≥ t1. (13)
or
E(t) = σ (t + t1)
0
− σ˙ (t + t1)
2˙0
t ≥ 0, (14)
where ˙0 = 0/t1. For the stress rate we can use for example following numerical differen-
tiation
σ˙ (t) = σ (t + h) − σ (t − h)
2h
, (15)
where h is the length of the time step.
Error estimate for the used trapezoidal rule is (Bakhvalov, 1977)
ε = − t
3
1
12
E ′′. (16)
3. Numerical studies
The error estimate for the numerical integration methods was presented in the last section.
Here we take a closer look at the Zapas-Phillips and the proposed method by evaluating error
estimate in terms of stress.
The stress at time t ≥ 3t1/21 in the Zapas-Phillips method is given by
σzp(t) = ˙0
∫ t1
0
Ezp(t − τ ) dτ (17)
= 1
t1
∫ t1
0
σ (t + t1/2 − τ ) dτ (18)
1 Note that we cannot choose t ≥ t1. In the Zapas-Phillips method relaxation modulus is known for times
larger than t1/2 and since we integrate Ezp(t − τ ) from 0 to t1, it follows that t ≥ 3t1/2.
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= 1
t1
∫ t1
0
∞
∑
n=0
σ (n)(t)
n!
(t1/2 − τ )n dτ (19)
= 1
t1
[
σ (t)t1 + 124 t
3
1 σ
′′(t) + . . .
]
(20)
≈ σ (t) + 1
24
t21 σ
′′(t) (21)
and stress at time t ≥ t1 for the proposed method is
σp(t) = ˙0
∫ t1
0
E p(t − τ ) dτ (22)
=
∫ t1
0
[
1
t1
σ (t + t1 − τ ) − 12 σ˙ (t + t1 − τ )
]
dτ (23)
= 1
t1
∫ t1
0
∞
∑
n=0
σ (n)(t)
n!
(t1 − τ )n dτ − (24)
1
2
∫ t1
0
∞
∑
n=0
σ (n+1)(t)
n!
(t1 − τ )n dτ (25)
=
[
σ (t) + 1
2
t1σ
′(t) + 1
6
t21 σ
′′(t) + . . .
]
− (26)
[
1
2
t1σ
′(t) + 1
4
t21 σ
′′(t) + . . .
]
(27)
≈ σ (t) − 1
12
t21 σ
′′(t), (28)
thus the error estimates are
|σzp(t) − σ (t)| ≈ 124 t
2
1 |σ ′′(t)|, t ≥
3
2
t1 (29)
|σp(t) − σ (t)| ≈ 112 t
2
1 |σ ′′(t)|, t ≥ t1 (30)
for the Zapas-Phillips and the proposed method, respectively. Based on the error estimation
we can conclude that both of these methods are second-order accurate.
To illustrate the accuracy of the proposed method, we simulate several relaxation tests.
For materials A and B we use relaxation modulus given in Flory and McKenna (2004)
E(t) = E0e−(t/τ )β , (31)
where E0 = 109 Pa, β = 0.5, τ = 3 s (material A) and τ = 100 s (material B). For material
C we use relaxation modulus
E(t) = a − b
(
t
c
)d
, (32)
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Table 1 Parameters for different
simulation cases Case t1 [s] Noise level% h [s]
1 1 0 0.1
2 5 0 0.1
3 2 5 0.25
4 2 5 0.5
5 2 5 1
where a = 0.8 MPa, b = 0.2 MPa, c = 1 s and d = 0.3. The rate of strain is ˙0 = 0.001 s−1
and test termination time is tend = 20 s. Other test parameters, ramp time t1, noise level and
time step h for five case studies are given in Table 1. In case 1 we consider relative small
ramp time and in case 2 large ramp time. In cases 3, 4 and 5 random Gaussian noise with
variance of ±5% of the mean value of stress is added to original stress. In these cases we
investigate the effect of noise and the size of time step to the approximation of the relaxation
modulus. For the numerical differentiation rule we use Equation (15) when t > 0 and
σ˙ (t1) = σ (t1 + h) − σ (t1)h , (33)
when t = 0. The relative error between the analytical solution and numerical methods were
computed as
error = ‖E −
˜E‖
‖E‖ , (34)
where E is the exact solution of the relaxation modulus and ˜E is the relaxation modulus
computed from numerical method, i.e. proposed method or Zapas-Phillips method. The
results from the error estimation are shown in Tables 2, 3 and 4 for materials A, B and C,
respectively.
The simulations with noise free data shows that the relative errors are always smaller for
the proposed method than for the Zapas-Phillips method. Figure 2 show a good agreement
Table 2 Relative errors for
material A. Error1 is the error for
Zapas-Phillips method and Error2
is the error for proposed method
for time interval t ∈ [t1/2, tend ].
Error2,t<t12 is the error for
proposed method when t < t1/2
Case Error1(%) Error2(%) Error2,t<t1/2(%)
1 1.0 0.7 8.4
2 4.5 3.1 12.2
3 3.7 8.5 14.2
4 3.6 4.4 19.4
5 3.8 3.1 25.5
Table 3 Relative errors for
material B Case Error1(%) Error2(%) Error 2,t<t1/2(%)
1 0.06 0.05 1.27
2 0.3 0.2 1.6
3 3.7 11.5 9.9
4 3.6 6.2 2.6
5 4.5 5.5 6.3
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Table 4 Relative errors for
material C Case Error1(%) Error2(%) Error2,t<t1/2(%)
1 0.2 0.1 5.9
2 0.7 0.5 5.0
3 3.9 10.7 5.1
4 3.8 7.0 12.2
5 3.6 4.0 12.8
Fig. 2 The true relaxation
modulus and the approximated
relaxation modulus for
Zapas-Phillips and proposed
method for material A in case 2
between the analytical solution and the proposed method even if the ramp time is large. The
Zapas-Phillips method gives also accurate results in the time interval of validity. However, if
the ramp time is large, it is evident that the accuracy of the Zapas-Phillips method is reduced
in the estimation of relaxation modulus, see Figure 2.
When noise is added to data, results indicate that the proposed method produces larger
error than the Zapas-Phillips method. This is due to instability of numerical differentiation.
However, as the time step is increased the relative error decreases for the proposed method
as show in Figure 3. Therefore, the instability of the proposed method can be kept under
control. Moreover, in case 5 for material A the relative error is smaller as compared to the
Zapas-Phillips method. As a conclusion, the relative errors with the proposed method is at the
same levels than with the Zapas-Phillips method in all simulated cases. However, the main
advantage of the proposed method is that it can be used to compute the relaxation modulus
during the whole time interval of a ramp test.
4. Conclusions
In this paper, an alternative method for determining the relaxation modulus of a linearly
viscoelastic material was presented. The method avoids ‘factor-of-10’ rule and it can be
applied to the whole time interval of the relaxation test. The method was tested with numerical
simulations. Results from the simulations indicate that a good agreement with an analytical
solution can be obtained.
Due to the fact that the relaxation modulus can be approximated in the time interval
t ∈ [0, t1], the proposed method offers a convenient tool for the determination of the relaxation
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Fig. 3 The true relaxation
modulus and the approximated
relaxation modulus for
Zapas-Phillips and proposed
method for material C in case 3
(upper) and 5 (lower)
modulus for materials in which the rate of relaxation is fast. In addition, the method is very
suitable for cases where the ramp time is relatively large. The error estimate formulation
shows that the error is somewhat the same than in the Zapas-Phillips method. However, the
simulation results indicate that smaller relative error is obtained in noise free cases with the
proposed method.
In the proposed method numerical differentiation of the stress produces slight oscillation
when noisy data is used. Nevertheless, it was shown that instability can be kept under control
by adjusting time step. In addition, the effect of the noise can be decreased with regularization
or by fitting an additional function to the data. However, the purpose of this study was to
derive a convergent method to compute the relaxation modulus in the whole time interval of
ramp test. Simulations show that the relative error is at reasonable level with noisy data even
without regularization.
Although the Zapas-Phillips method is valid for nonlinear viscoelastic systems, unlike
the proposed method, it has not been extensively studied for large deformations (Flory and
Springer
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McKenna, 2004). Moreover, it is not valid for the widely used Schapery’s nonlinear vis-
coelastic material model (Schapery, 1969).
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Abstract
In this paper, a simple formula for the prediction of stress (strain) in the relaxation (creep) period is derived for a non-linear viscoelastic
material model which takes into account the finite ramp time. Usually, it is assumed that the ramp time is small and, therefore, loading can be
described via Heaviside step function. This assumption, when applied to the material parameters identification process, can lead to a large errors
in the values of the approximated material parameters. Especially, for the materials which undergo significant stress decay in the beginning
of relaxation the assumption of infinite small ramp time can induce severe errors. With the help of the derived formula more reliable material
parameter identification can be accomplished. The proposed method is tested with numerical simulations and compared with analytical results,
Heaviside step loading case and method described by Nordin and Varna. Simulations show good agreement with analytical results.
 2006 Elsevier Ltd. All rights reserved.
PACS: 61.20.Lc; 62.20.−x; 62.20.Hg
Keywords: Finite ramp time; Creep; Relaxation; Non-linear viscoelasticity
1. Introduction
In order to determine the material parameters in Schapery’s
non-linear viscoelastic material model, usually either creep test
or relaxation test has to be performed. In both cases it is com-
monly assumed that the deformation is applied infinitely fast,
that is, by either step-strain or step-stress. In practice, due to an
inertia effects an ideal step loading cannot be produced. For the
accurate determination of material parameters the finite ramp
time, t1, should be taken into account. Evidently, this is partic-
ularly important if the creep or relaxation period is short or if
the ramp time is relatively long.
For linear viscoelastic materials the finite ramp time correc-
tions have been extensively studied [1–6]. Zapas and Phillips
[1] developed a method based on the BKZ [7] representa-
tion of viscoelasticity where the ‘true’ relaxation time is t −
t1/2. Lee and Knauss [4] derived a backward recursive method
for the determination of relaxation modulus in the case of
∗ Corresponding author.
E-mail address: Joonas.Sorvari@uku.fi (J. Sorvari).
0020-7462/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijnonlinmec.2006.10.015
constant strain rate in the loading phase. The Lee–Knauss
procedure requires an initial value for the relaxation modu-
lus. A common technique is to assume that the ‘factor-of-10’
rule [2] holds, that is, at t10t1 the step-strain assumption is
accurate.
For the Schapery’s non-linear creep formulation the
necessary material parameters can be determined from several
different stress level creep tests which are followed by strain
recovery. Nordin and Varna [8] stated that large errors can
be induced in the values of the non-linear parameters if the
loading and unloading are described by the Heaviside step
function. They presented a method where creep stress level 0
and the zero stress level in the recovery period are achieved in
two steps. If the creep period begins at time t1, their method
is based on the following assumptions. At first, a constant
stress 0/2 is applied at time t = 0. At second, at time t = t1
additional stress 0/2 is applied, see Fig. 1.
In this paper, we present an accurate formula for the creep
or relaxation period which takes into account the finite ramp
time. The presented method is simpler and more accurate than
the Nordin–Varna method. This method enables more accurate
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Fig. 1. Stress as a function of time in creep test. Real case and two-step
loading.
determination of the material parameters in the Schapery’s non-
linear viscoelastic material model.
2. Non-linear viscoelastic material model
The non-linear viscoelastic Schapery model [9] is given by
(t) = h()G+ h1()
∫ t
0
G(− ′)d(h2())
d
d, (1)
where the reduced times are given by
=
∫ t
0
dt ′
a((t ′))
(2)
and
′ =
∫ 
0
dt ′
a((t ′))
, (3)
where a is a shift factor. The parameters h, h1, h2 and a are
functions of strain. G is the equilibrium or final value of the
relaxation modulus, that is, G=G(∞) and G(t)=G(t)−G
is the transient component of the relaxation modulus. When
a = h = h1 = h2 = 1, Eq. (1) reduces to
(t) = G+
∫ t
0
G(t − )d
d
d (4)
or
(t) =
∫ t
0
G(t − )d
d
d, (5)
which is the Boltzmann’s superposition integral for linear
viscoelasticity. In order to ensure linear viscoelastic behavior
at small strains, the following initial values must hold:
h(0) = h1(0) = h2(0) = a(0) = 1. (6)
The corresponding non-linear creep formulation takes the
form
(t) = g0()D0+ g1()
∫ t
0
D(− ′)d(g2())
d
d, (7)
where D0 = D(0) is the initial value of creep compliance
and D = D(t) − D0 is the transient component of the creep
compliance. The reduced times are now defined as
=
∫ t
0
dt ′
a((t ′))
(8)
and
′ =
∫ 
0
dt ′
a((t ′))
, (9)
where a is a shift factor. The material parameters in Eq. (7) can
be determined from creep with following recovery test at several
constant stress levels. Many methods have been developed for
this purpose, both numerical and graphical (see e.g. [9–11]).
3. Methods of analysis
The analysis is carried out using the non-linear relaxation
formulation. A completely analogous analysis can be done for
the non-linear creep formulation.
3.1. Step-strain assumption
Under step-strain assumption, that is, (t) = 0H(t), where
H(t) is the Heaviside step function, Eq. (1) takes the form
(t) = h(0)G0 + h1(0)
∫ t
0
G(− ′)(h20H())′ d
(10)
= h(0)G0 + h1(0)
∫ t
0
G(− ′)h20() d (11)
= h(0)G0 + h1(0)h2(0)0G
(
t
a(0)
)
, (12)
where  is the Dirac delta function.
3.2. Method by Nordin and Varna
Let the strain be given by
(t) = 0
2
(H(t) + H(t − t1)). (13)
Then
h2() = h2(0/2)H(t) + (h2(0) − h2(0/2))H(t − t1) (14)
and
h2= 02 [h2(0/2)H(t) + (2h2(0) − h2(0/2))H(t − t1)].
(15)
Differentiating Eq. (15) with respect to time gives
(h2)
t
= 0
2
[h2(0/2)(t) + (2h2(0) − h2(0/2))(t − t1)].
(16)
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Substituting Eq. (16) in Eq. (1) when t t1 gives
(t) = h(0)G0+12h1(0)0h2(0/2)
∫ t
0
G(−′)() d
+ 1
2
h1(0)0(2h2(0) − h2(0/2))
×
∫ t
0
G(− ′)(− t1) d (17)
= h(0)G0 + 12h1(0)0h2(0/2)G
(
∫ t
0
dt ′
a
)
+ 1
2
h1(0)0(2h2(0) − h2(0/2))G
(
∫ t
t1
dt ′
a
)
(18)
= h(0)G0 + 12h1(0)0h2(0/2)
× G
(
t1
a(0/2)
+ t − t1
a(0)
)
+ 1
2
h1(0)0(2h2(0) − h2(0/2))G
(
t − t1
a(0)
)
. (19)
3.3. Proposed method
We now consider case where the strain is given by
(t) =
{
f (t), t < t1,
0, t t1,
(20)
where f (0) = 0 and f (t1) = 0. Then the stress at time t t1
is given by
(t) = h(0)G0 + h1(0)
∫ t1
0
G(− ′)(h2)′ d, (21)
where
− ′ =
∫ t
0
dt ′
a
−
∫ 
0
dt ′
a
=
∫ t1
0
dt ′
a
+
∫ t
t1
dt ′
a
−
∫ 
0
dt ′
a
(22)
= t − t1
a(0)
+
∫ t1

dt ′
a
. (23)
Using the midpoint rule, which is third-order accurate with
respect to t1 [12], to Eq. (21) gives
(t) = h(0)G0 + h1(0)t1
× G
(
t − t1
a(0)
+
∫ t1
t1/2
dt ′
a
)
(h2)
′
∣
∣
∣
∣
=t1/2
. (24)
Substituting following second-order [13] accurate numerical
differentiation formula
(h2)
′|=t1/2 ≈
h2((t1))(t1) − h2((0))(0)
t1
= h2(0)0
t1
(25)
in Eq. (24) gives
(t) = h(0)G0
+ h1(0)h2(0)0G
(
t − t1
a(0)
+
∫ t1
t1/2
dt ′
a
)
. (26)
Finally, using midpoint rule to the integral term gives
∫ t1
t1/2
dt ′
a
≈ t1/2
a((3t1/4))
= t1/2
a(f (3t1/4))
. (27)
If the ramp loading is approximated to be linear, then
f (3t1/4) = 30/4. As outcome, we get the following formula:
(t) = h(0)G0 + h1(0)h2(0)0G
(
t
a(0)
+ 
)
, (28)
where
= t1
(
1
2a(30/4)
− 1
a(0)
)
. (29)
Only a rather moderate modification is made in the proposed
method as compared to the step loading case, where  = 0.
Furthermore, in linear case the proposed correction method
yields
(t) = 0G(t − t1/2), (30)
which is the well-known Zapas–Phillips correction method for
linear viscoelastic systems.
4. Numerical studies
In the following subsections we compare the accuracy of
the Heaviside step loading, Nordin–Varna and the proposed
method.
4.1. Linear case
In linear case non-linear parameters in Eq. (1) equals to one.
Then the Nordin–Varna method for the relaxation formulation
at time t t1 is given by
(t) = G0 + 12 (G(t) + G(t − t1))0 (31)
= 12 (G(t) + G(t − t1))0 (32)
and with the proposed method it is given by
(t) = G0 + G(t − t1/2)0 = G(t − t1/2)0. (33)
The exact value for the stress at time t t1 is
(t) =
∫ t1
0
G(t − )˙() d. (34)
If the loading is carried out with constant strain rate, then
(t) = ˙
∫ t1
0
G(t − ) d, (35)
where ˙ = 0/t1. Now it can be seen that by applying numer-
ical integration rule, trapezoidal rule, to Eq. (35) we get the
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Nordin–Varna method and by applying midpoint rule we get
the proposed method, respectively. Error estimate for the trape-
zoidal rule is [12]
ε = − t
3
1
12
G′′ (36)
and for the midpoint rule [12]
ε = t
3
1
24
G′′. (37)
To summarize, in linear case error in the proposed method is
half of the error in the Nordin–Varna method.
4.2. Non-linear case, creep test with linear ramp
The stress in the creep test is given by
(t) =
{ ˙0t, t < t1,
˙0t1, t t1,
(38)
where ˙= 20MPa s−1 and t1 is either 1 or 2 s.
The material parameters for the non-linear creep formulation
are taken from Ref. [14]. The initial and transient component
of creep compliance are
D0 = 360 × 10−6 MPa−1, (39)
D = 20 × 10−6t0.12 MPa−1. (40)
The non-linear material functions are
g0 = 1 + a/0,
g1 = 1 + b(/0)2.4,
g2 = 1 + c(/0)2,
a = e−d/0 , (41)
where a=0.15, b=1.435, c=0.75, d =1.75 and 0 =50MPa.
4.3. Non-linear case, relaxation test with non-linear ramp
We study relaxation test of the form
(t) =
{
f (t), t < t1,
0, t t1,
(42)
where 0 = 2%, t1 = 3 s and
f (t) =
(
0
t1
)
t , (43)
f (t) = 0 sin
(
	t
2t1
)
, (44)
f (t) = −1
4
(
2t − t1
t1
)3
0 + 32
t
t1
0 − 14 0 (45)
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Fig. 2. Ramp I, Ramp II and Ramp III.
in Ramp I, Ramp II and Ramp III loading, respectively, see
Fig. 2. The equilibrium and transient component of the relax-
ation modulus are taken to be
G = 0.5MPa, (46)
G = G1e−t/
, (47)
where G1 =1MPa and 
=5 s. Non-linear material parameters
are
h() = e−20,
h1() = e−40,
h2() = 1,
a() = e−10. (48)
4.4. Parameter identification
In order to demonstrate the efficiency of the proposed
correction method to the approximation of the material param-
eters we simulate a set of relaxation tests with linear ramp:
0 ∈ {0.001, 0.002, . . . , 0.02} and ˙0 = 0.004 s−1. Material pa-
rameters are the same as in previous subsection. The true data
is simulated using recursive relation presented in [15], which
is given by
n+1 = (hn+1 G + hn+11 hn+12 G1)n+1 − hn+11 In+1, (49)
where the superscript denotes time index and
In+1 =
[

an+1 t
t + 
an+1
]
[
hn+12 G1n+1

an+1
+ 1
t
I n
]
, (50)
with I 0i = 0 and t = 0.01 s. To model practical test machine,
random Gaussian noise with variance of ±5% of the mean
value of stress is added to original stress.
Based on Eq. (28), it is evident that non-linear parameters h1
and h2 cannot be distinguished using only relaxation test data.
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Therefore, we assume that the value h2 = 1 is a priori known,
i.e. we consider simplified material model.
Material parameters are determined as follows:
(1) The proposed correction method at time t t1 is now given
by
(t) = h(0)G0 + h1(0)0G1e−t/(a(0)
)−/
, (51)
where
= t1
(
1
2a(30/4)
− 1
a(0)
)
. (52)
(2) Relaxation test data with different constant strain levels is
fitted to
f (t) = A + Be−t/C , (53)
where
f (t) = (t)/0,
A = h(0)G,
B = h1(0)G1e−/
,
C = a(0)
. (54)
(3) Now the values of A(0), B(0) and C(0) are known for
all constant strain levels.
(4) Parameter C is fitted to some proper function C(). In this
study, we have used fourth order polynomial to approx-
imate C(). Then, parameter 
 can be determined using
initial condition C(0) = a(0)
= 
. Since a() = C()/

the parameter a can be also determined.
(5) Correction: since a is known, parameter  is also known
for all constant strain levels, thus h1(0)G1 = B(0)e/
.
Now the value of h1(0)G1 is known for all constant strain
levels, this value is denoted by ˜B. Note that in the Heaviside
step loading method = 0.
(6) Parameters A and ˜B are fitted to some proper functions
A() and ˜B(). We have used fourth order polynomials to
approximate A and ˜B. Then, parameters h, G and h1,
G1 can be distinguished using initial conditions h(0) =
h1(0) = 1.
5. Results
The relative error was computed as
ε = ‖X(t) − Xˆ(t)‖2‖X(t)‖2 , (55)
where X(t) is the true value of stress (strain) in the relaxation
(creep) test and Xˆ(t) is the numerically approximated value of
stress (strain). Relative errors are given in Tables 1 and 2 for
creep and relaxation tests, respectively. Error estimates shows
that the proposed method produces the smallest error in all
simulated cases irrespective of the size of ramp time or loading
program. An example of computed strain in creep test with
Table 1
Relative errors in creep tests in time period t ∈ [t1, 10 s]
Method t1 = 1 s (%) t1 = 2 s (%)
Heaviside step loading 0.21 0.79
Nordin–Varna 0.05 0.23
Proposed 0.03 0.12
Table 2
Relative errors in relaxation tests in time period t ∈ [t1, 20 s]
Method Ramp I (%) Ramp II (%) Ramp III (%)
Heaviside step loading 9.0 6.4 8.7
Nordin–Varna 1.3 4.2 1.6
Proposed 0.6 2.2 0.3
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Fig. 3. Strain as a function of time in creep test, ramp time t1 = 2 s.
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Fig. 4. Stress as a function of time, Ramp III.
different methods is shown in Fig. 3 and computed stress in
relaxation test in Fig. 4.
Results from the parameter identification are shown in
Table 3 and Fig. 5. The correction affects only the value of the
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Table 3
True and approximated material parameters
Parameter True Heaviside step loading Proposed
G (MPa) 0.5 0.5 0.5
G1 (MPa) 1 0.99 0.99

 (s) 5 5.01 5.01
0 0.005 0.01 0.015 0.02
0.4
0.6
0.8
1
strain
h 1
0 0.005 0.01 0.015 0.02
0.7
0.8
0.9
1
h ε
strain
0 0.005 0.01 0.015 0.02
0.85
0.8
0.9
0.95
1
a ε
strain
Analytical
Heaviside step loading method
Proposed method
Fig. 5. Nonlinearity parameters.
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Fig. 6. Simulated relaxation test.
non-linearity parameter h1. The usefulness of the proposed cor-
rection method is shown in Fig. 6 where relaxation test with
constant strain level 0 = 0.02 is simulated using the identified
material parameters. Fig. 6 clearly indicates that when Heavi-
side step loading method is used to obtain material parameters
quite large errors are induced whereas the correction method
reduces error effectively.
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6. Conclusions
A simple and accurate method for the finite ramp time
correction for the Schapery’s non-linear viscoelastic material
model was presented. It was shown both analytically and nu-
merically that this method is capable to predict the true values
of stress (strain) in relaxation (creep) test with good accuracy.
The relative error in all simulated cases was smaller with the
proposed method as compared to other simulated approaches.
Using the proposed approach, more reliable material parameter
identification process can be done.
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Abstract
In this paper, interconversion between linear viscoelastic material functions is studied emphasizing materials with rel-
atively fast rate of relaxation. The aim of this paper is to study the whole material function determination process from a
linear viscoelastic experiment to interconversion by taking into account non-ideal loading and noisiness of the data in such
an experiment. No assumptions are made concerning the form of the relaxation modulus or the creep compliance. Inter-
conversion is carried out by evaluating numerically the convolution integral. Three different yet similar approaches are
studied. In numerical interconversion, the resulting matrix equation is ill-posed. Due to this, Tikhonov regularization is
applied to solve the related matrix system. Numerical simulations indicate that reliable results can be obtained with pro-
posed numerical procedures.
 2006 Elsevier Ltd. All rights reserved.
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1. Introduction
In order to construct a mathematical model for material, the material parameters have to be determined. In
the case of the integral representation of linear viscoelasticity, either relaxation modulus G(t) or creep compli-
ance J(t) has to be modeled. From a typical linear viscoelastic experiment, only either relaxation modulus or
creep compliance can be determined directly. After such an experiment, the unknown linear viscoelastic mate-
rial function can be determined with an interconversion method.
Relaxation modulus and creep compliance are related by a convolution integral. Hopkins and Hamming
(1957) divided the convolution integral into a finite number of subintervals. In each subinterval target function
is approximated to be constant. The remaining integrals are then evaluated numerically for obtaining a recur-
sive relation for the target function. This approach was further improved by Knoff and Hopkins (1972). They
approximated the source and target functions to be piecewise linear for carrying out integration analytically.
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Dooling et al. (1997) proposed a three-step method, which consists of following substeps: (i) the discrete retar-
dation spectrum is fitted to creep data, (ii) the generalized Voigt model is solved numerically to obtain stress
relaxation data, (iii) the discrete relaxation spectrum of a generalized Maxwell model is fitted to the relaxation
data. Park and Schapery (1999) evaluated the convolution integral analytically by expressing both the source
and target function in Prony series to obtain the system of equations for the unknown coefficients of Prony
series. Lately, Liu (2001) proposed a direct method where discrete relaxation spectra is obtained directly from
creep data. The direct method was based on the assumption that relaxation times are specified by the user,
thus are a priori known. Many other related methods are reviewed in Tschoegl (1989).
The direct numerical integration of a discrete set of source data is sensitive to the noisiness of the data. In
addition, non-ideal loading can induce large errors. Nevertheless, such methods can be considered to be the
most fundamental since no approximations are made on the form of the source or target function. Therefore,
it is tempting to attack the interconversion problem with methods where the convolution integral is evaluated
numerically.
If either creep or relaxation test is performed to determine viscoelastic material parameter, non-ideal load-
ing is induced due to inertia effects and in practice, step loading cannot be produced. Quite often the relaxation
test takes the form of a ramp test, i.e. constant strain rate is followed by constant strain. In that case, no expli-
cit solution exists and the relaxation modulus has to be determined approximately. Zapas and Phillips (1971)
derived a simple method to determine the relaxation modulus from non-ideal loading. In their approach time
scale is simply shifted when compared to the step loading case. However, Zapas–Phillips method cannot be
used for times less than t1/2, where t1 denotes the ramp time. Lee and Knauss (2000) derived a backward
recursive formula for the relaxation modulus in the case of ramp test. Although the derived formula is math-
ematically exact, there are several drawbacks. Since the method is recursive and contains numerical differen-
tiation of stress it is inherently unstable. Moreover, the initial value has to be approximated. Sorvari and
Malinen (2006) improved the Lee–Knauss method by using numerical integration for gaining an explicit for-
mula for the relaxation modulus.
As discussed above, noise in experimental data and non-ideal loading can cause large errors in numerical
interconversion and in mathematical sense the problem is said to be ill-posed, (Mead, 1994). For example, if
relaxation function is determined with experimental data and interconversion is used to solve the creep com-
pliance, small errors in relaxation function can cause large errors to creep compliance. This is a typical feature
of ill-posed problems. Such an ill-posed problem can be solved with regularization methods in which addi-
tional criterion is included to problem. In regularization, original ill-posed problem is replaced with nearby
well-posed problem which is numerically stable. General discussion concerning ill-posed problems and differ-
ent regularization methods is given for example by Hansen (1998).
Regularization methods for numerical interconversion have been successfully applied in frequency domain.
In the most of the studies, the aim is to compute the relaxation spectrum for polymers. The used regularization
methods include Tikhonov regularization by Honerkamp and Weese (1990), in which different methods for
choosing the regularization parameter was also studied. A constrained linear regression with regularization
was proposed by Mead (1994). Furthermore, quadratic programming regularization (RQP) method was pro-
posed by Ramkumar et al. (1997). As a conclusion, in all of the previous studies regularization was found to be
effective to decrease the error when relaxation spectra was estimated from a noisy or incomplete data.
Although regularization methods have been applied in interconversion before, the approach presented in
this paper is somewhat different since interconversion is accomplished in time domain. The regularization
method used in this study is Tikhonov regularization, formulated by Tikhonov (1963). The additional crite-
rion for the problem is taken as a form of smoothness priori, i.e. material function is decided to be a smooth
function of time. This kind of a priori information is valid, since there are no sharp peaks in the material func-
tions, i.e. in relaxation modulus or in creep compliance.
In this work, we present numerical procedures for evaluating creep compliance from relaxation test with
non-ideal loading and noise in simulated experimental data. We specially emphasize materials with rather fast
relaxation and therefore test times are small. Several ramp tests in which random Gaussian noise is added are
simulated. Then the relaxation modulus is determined and after that the creep compliance is computed by
interconversion with Tikhonov regularization. In the interconversion we use three different methods. Results
from the interconversion methods with and without Tikhonov regularization are compared to analytical
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solution of the creep compliance. Simulations indicate robustness of presented algorithms even with large
noise levels.
2. Theoretical background
The constitutive equation for linear viscoelastic material can be expressed as
rðtÞ ¼
Z t
0
Gðt  sÞ_ðsÞds; ð1Þ
where r is the stress, t is time,  is the strain and G(t) is the relaxation modulus. Alternatively, the constitutive
equation can be written as
ðtÞ ¼
Z t
0
Jðt  sÞ _rðsÞds; ð2Þ
where J(t) is the creep compliance. Applying the Laplace transform to Eqs. (1) and (2) yields
r^ðsÞ ¼sbGðsÞ^ðsÞ; ð3Þ
^ðsÞ ¼sbJ ðsÞr^ðsÞ: ð4Þ
From Eqs. (3) and (4) we get
bGðsÞbJ ðsÞ ¼ 1
s2
: ð5Þ
Applying the inverse Laplace transform to (5) gives
t ¼
Z t
0
Gðt  sÞJðsÞds; ð6Þ
or
t ¼
Z t
0
Jðt  sÞGðsÞds: ð7Þ
Differentiating Eq. (6) with respect to time gives
1 ¼ Gð0ÞJðtÞ þ
Z t
0
otGðt  sÞJðsÞds: ð8Þ
By setting t = 0, we get an initial condition between the relaxation modulus and creep compliance
Gð0ÞJð0Þ ¼ 1: ð9Þ
3. Numerical evaluation of the convolution integral
The convolution integral relating the creep compliance and the relaxation modulus, Eq. (6), is the Volterra
equation of the first kind. One peculiar feature of such an equation is that convergent numerical integration
rules does not necessary lead to a convergent method. If standard quadrature rules are considered, midpoint
and Euler methods are numerically stable whereas trapezoidal method is not (Linz, 1985). Also, standard
higher order methods such as Gregory and Newton–Cotes methods lead to unstable algorithms (Linz,
1985). To summarize then, the midpoint method, which is second-order accurate, can be regarded as the best
standard numerical scheme for the numerical solution of the Volterra equation of the first kind.
Rather than using direct methods, that is, methods where the original equation is directly discretized with a
proper numerical integration rule, we consider methods where the target function is assumed to be constant in
each subinterval and after that integrals are evaluated numerically. This kind of approach was chosen since
such indirect methods are generally used in the interconversion between linear viscoelastic material functions
(Tschoegl, 1989). Here we derive three different but basically very similar interconversion methods which are
also numerically evaluated in this study. First two methods are also given in Tschoegl (1989).
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At time tn Eq. (6) yields
tn ¼
Z tn
0
Gðtn  sÞJðsÞds ¼
Xn
i¼1
Z ti
ti1
Gðtn  sÞJðsÞds; ð10Þ
where t0 = 0.
In the first case (Method 1) the value for the creep compliance is taken to be J(ti1/2), where
ti1/2 = (ti1 + ti)/2, in the time interval t 2 [ti1, ti] and remaining integrals are evaluated via trapezoidal
rule. These approximations gives
tn ¼
Xn
i¼1
Jðti1=2ÞðGðtn  tiÞ þ Gðtn  ti1ÞÞðti  ti1Þ=2; ð11Þ
which can be written as
Jðtn1=2Þ ¼ 2tn 
Pn1
i¼1 Jðti1=2ÞðGðtn  tiÞ þ Gðtn  ti1ÞÞðti  ti1Þ
ðGð0Þ þ Gðtn  tn1ÞÞðtn  tn1Þ ; ð12Þ
for nP 2, with
Jðt1=2Þ ¼ 2Gð0Þ þ Gðt1Þ : ð13Þ
In the second case (Method 2) creep compliance is approximated to be (J(ti) + J(ti1))/2 rather than J(ti1/2),
thus giving
JðtnÞ ¼ Jðtn1Þ þ 4tn 
Pn1
i¼1 ðJðtiÞ þ Jðti1ÞÞðGðtn  tiÞ þ Gðtn  ti1ÞÞðti  ti1Þ
ðGð0Þ þ Gðtn  tn1ÞÞðtn  tn1Þ ; ð14Þ
for nP 2, with
Jðt1Þ ¼ 3 Gðt1Þ=Gð0ÞGð0Þ þ Gðt1Þ : ð15Þ
The third method (Method 3) is derived by using Eq. (8), which yields at time tn
1 ¼ Gð0ÞJðtnÞ þ
Z tn
0
otGðtn  sÞJðsÞds ð16Þ
¼ Gð0ÞJðtnÞ 
Z tn
0
osGðtn  sÞJðsÞds ð17Þ
¼ Gð0ÞJðtnÞ 
Xn
i¼1
Z ti
ti1
osGðtn  sÞJðsÞds ð18Þ
 Gð0ÞJðtnÞ 
Xn
i¼1
JðtiÞ þ Jðti1Þ
2
Z ti
ti1
osGðtn  sÞds ð19Þ
¼ Gð0ÞJðtnÞ þ
Xn
i¼1
JðtiÞ þ Jðti1Þ
2
ðGðtn  ti1Þ  Gðtn  tiÞÞ ð20Þ
Above formulation leads to a recursive relation
JðtnÞ ¼ 2 Jðtn1ÞðGðtn  tn1Þ  Gð0ÞÞGð0Þ þ Gðtn  tn1Þ 
Pn1
i¼1 ðJðtiÞ þ Jðti1ÞÞðGðtn  ti1Þ  Gðtn  tiÞÞ
Gð0Þ þ Gðtn  tn1Þ ; ð21Þ
for nP 2, with
Jðt1Þ ¼ 3 Gðt1Þ=Gð0ÞGð0Þ þ Gðt1Þ : ð22Þ
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All three methods can be also written in a matrix form
Ax ¼ b; ð23Þ
where A is a lower-triangular matrix and vector x contains the unknown values of the creep compliance. For
example, the components for Method 1 is given by
Aij ¼
ðtj  tj1ÞðGðti  tjÞ þ Gðti  tj1ÞÞ; if j 6 i;
0; if j > i;

ð24Þ
xi ¼ Jðti1=2Þ; ð25Þ
bi ¼ 2ti; ð26Þ
for i, j 2 {1, . . . ,N}.
4. Determination of the relaxation modulus
Under step-strain assumption relaxation modulus in a relaxation test is simply given by
GðtÞ ¼ rðtÞ
0
; ð27Þ
where 0 is the constant strain level. If the ramp time, denoted by t1, is relatively large the step-strain assumption
can induce severe errors, especially at the beginning of relaxation. It is commonly assumed that the true and the
step-strain response coincides at time t = 10t1, this is known as the factor-of-ten rule (Meissner, 1978). How-
ever, the time when true and step-strain response coincides can be significantly larger (Flory and McKenna,
2004). Obviously, if the long-term relaxation behavior is primary focus, then the finite ramp time effect is insig-
nificant. On the contrary, if the initial values of the relaxation modulus should be known accurately, a finite
ramp time correction method should be used. If we look at the interconversion methods introduced in the pre-
vious section, we see that in all of the three methods the divider in the recursive relation contains term
Gð0Þ þ Gðtn  tn1Þ: ð28Þ
So, if rather small time steps are used, which is advisable in the sense of accuracy, initial values of the relax-
ation modulus should be known with good accuracy.
4.1. Finite ramp time correction methods
If the elongation happens under the constant rate of strain, _0, and the constant strain, 0, is gained at time
t1, then stress at time tP t1 is given by
rðtÞ ¼ _0
Z t1
0
Gðt  sÞds; ð29Þ
where _0 ¼ 0=t1.
Differentiating Eq. (29) with respect to time gives
_rðtÞ ¼ _0
Z t1
0
otGðt  sÞds ¼ _0
Z t1
0
osGðt  sÞds ¼ _0ðGðtÞ  Gðt  t1ÞÞ: ð30Þ
This leads to a following backward computation formula (Lee and Knauss, 2000):
Gðt  t1Þ ¼ GðtÞ  _rðtÞ
_0
: ð31Þ
The time derivative of stress is calculated with some numerical differentiation rule. Since the Lee–Knauss
method is recursive, it is highly unstable if the stress data is noisy. Moreover, the time step cannot be set
by the user, starting value has to be approximated and the time derivate of stress has to be calculated
numerically.
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Better way to approximate the relaxation modulus is the Zapas–Phillips method. Using the midpoint rule to
Eq. (29) gives
rðtÞ ¼ 0Gðt  t1=2Þ tP t1 ð32Þ
or (Flory and McKenna, 2004)
GðtÞ ¼ rðt þ t1=2Þ
0
tP t1=2; ð33Þ
The Zapas–Phillips method is limited since it cannot be used with times shorter than t1/2. The time restriction
in the Zapas–Phillips can be avoided in method introduced by Sorvari and Malinen (2006). Using trapezoidal
rule to Eq. (29) gives
rðtÞ ¼ 1
2
0ðGðt  t1Þ þ GðtÞÞ: ð34Þ
Since Eq. (30) gives
GðtÞ ¼ _rðtÞ
_0
þ Gðt  t1Þ; ð35Þ
we get
Gðt  t1Þ ¼ rðtÞ
0
 _rðtÞ
2_0
; ð36Þ
for tP t1 or
GðtÞ ¼ rðt þ t1Þ
0
 _rðt þ t1Þ
2_0
; ð37Þ
for tP 0. This method is non-recursive and enables the relaxation modulus to be determined in the whole time
interval of the relaxation test without using stress history in the time interval t < t1. However, as in the Lee–
Knauss method the time derivate of stress has to be evaluated numerically. In the presence of noisy data this
can cause undesirable irregularity to the solution.
In this paper, we use the Zapas–Phillips method at time interval of its validity, i.e. tP t1/2, and the method
given in Sorvari and Malinen (2006), with central difference as the numerical differentiation rule of the stress,
in the time interval t < t1/2 to determine the relaxation modulus from the relaxation test. Truncation error
analysis shows that both of these methods are second-order accurate, i.e. e  t21r00ðtÞ (Sorvari and Malinen,
2006).
5. Regularization
In this section, Tikhonov regularization and regularization parameter choice methods are briefly discussed.
For the detailed analysis of Tikhonov regularization, we refer reader to see references Tikhonov (1963) and
Hansen (1998).
As discussed in Section 3, all of the integral approaches for interconversion presented in this paper can be
written in the matrix form as
Ax ¼ b: ð38Þ
In numerical interconversion, the matrix A can be ill-conditioned and the direct inversion can cause large er-
rors to solution x. Due to the ill-conditioning of the problem, Tikhonov regularization is proposed to solve
Eq. (38). The Tikhonov regularized solution of Eq. (38) can be written as
xreg ¼ ðcRþ ATAÞ1ATb; ð39Þ
where c > 0 is the regularization parameter and R is the regularization matrix. There are many alternatives to
choose regularization matrix. In general, if any kind of a priori information of the solution is known it can be
implemented to matrix R. In this study, the interconversion is accomplished in time domain. As a priori
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information, material functions (creep compliance in simulations) are considered to be smooth functions of
time, i.e. there are no sharp peaks in x. In such case, the matrix R is chosen to be the first order difference
matrix, i.e.
R ¼
1
1 1
. .
. . .
.
1 1
0
BBBB@
1
CCCCA: ð40Þ
Another unknown parameter in Tikhonov regularization is the regularization parameter c. This parameter has
a very significant influence to the solution, since if c is too small, the problem is still ill-conditioned, while too
large values of c smooths solution too much. In general, there are several strategies to choose regularization
parameter. These methods include for example discrepancy principle, quasi optimality criterion and L-curve
method. In this study we consider L-curve method to choose c. The main idea in L-curve method is to plot
smoothing norm kRxregk as a function of corresponding residual norm kAxreg  bk with varying c. As these
norms are plotted in logarithmic scales, the resulting curve is very often L-shaped. The regularization param-
eter can be chosen from the solution which is near to L-curve’s corner. This graphical method is often used for
choosing the regularization parameter in ill-posed problems and the details of the L-curve method is given in
Hansen (1998).
When synthetic data is used and the exact solution of the problem is known, it is possible to choose param-
eter c according to real estimation error. In this case relative real estimation error, kxreg  xk/kxk, is plotted as
a function of c and the optimal value of c is obtained from the minimum value of this function. However, in
general case real estimation error is unknown and this method cannot be used.
6. Numerical studies
The interconversion methods were numerically tested using synthetic data. The simulations consider the
determination of the creep compliance from the relaxation test. The simulation procedure is following. First,
the virtual relaxation test with non-ideal loading
ðtÞ ¼ _0t t < t1;
0 tP t1;

ð41Þ
is made from which stress is measured. During this step Gaussian noise with different variance is included to
stress. Second, the relaxation modulus is computed from the noisy data as described in Section 4. Third, the
creep compliance is determined with methods given in Section 3 with and without Tikhonov regularization
when the related matrix equation is solved. This procedure was accomplished in different simulation cases with
varying material parameters and noise. In simulations, the relaxation modulus was chosen to be
GðtÞ ¼ G0 þ G1et=k ð42Þ
with G0 = 0.4 MPa, G1 = 0.5 MPa and k = 1, 10 or 100 s. The relaxation modulus with different values of
parameter k is shown in Fig. 1.
In this paper, results from nine case studies are presented. The relaxation time, k, ramp time, t1, test termi-
nation time, tf, and length of the time step, h, are given in Table 1. Constant strain rate was chosen to be
_0 ¼ 0:01 s1. Simulation cases 1–6 consider longer time intervals, while cases 7–9 consider short time inter-
vals. In each case three different noise levels were studied to simulate the practical measurement system.
The noise was simulated as random Gaussian numbers with the variance of ±5%, ±10% or ±20% of the cur-
rent value of stress and this noise was added to original stress function in each case. The same noise was used
for each interconversion method within certain case study in order to get results which are directly compara-
ble. As an example, Gaussian noise for stress was generated for case 1 and then all interconversion methods
were simulated using data with the noise levels of 5%, 10% and 20%. For case 2, new noise was generated and
all interconversion methods were simulated using this data.
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The regularization matrix was chosen to be the 1st order difference matrix, see Eq. (40). This is a natural
choice since there are no sharp peaks in the creep function. The regularization parameter was chosen with L-
curve method. Since the synthetic data was used, the chosen regularization parameter was verified according
to real estimation error. The regularization parameter was chosen using Method 1 and data from case 1 in
which Gaussian noise with the variance of ±10% of the current value of stress was included to original stress
function. The solution of the problem was computed by varying the value of regularization parameter as
c = [100101102, . . . , 1015]. The L-curve and real estimation error are shown in Fig. 2. From this figure it can
be seen that norm kRxregk as a function of norm kAxreg  bk results in L-curve in log–log scale from which
the regularization parameter can be defined (little right from the lower corner of the L-curve). According to
Fig. 2, the value for regularization parameter was chosen to be c = 109 for all simulation cases. From the real
estimation error plot in Fig. 2, it can be also seen that the chosen regularization parameter value is near the
minimum of the real estimation error, and the choice of the parameter is well justified.
The case studies in Table 1 was simulated with each of the methods described in Section 3. The noise levels
of 5%, 10% and 20% were used for each case for each interconversion method. In all simulations, regulariza-
tion parameter was c = 109 and regularization matrix was the 1st order difference matrix. Since the same noise
was used in certain case for each of the interconversion methods, the results are directly comparable. In addi-
tion, synthetic data was used in simulations and the relative error between analytical solution of the creep
function and numerical approximation could be computed. The relative error in each case was computed as
e ¼ kx^ xkkxk ; ð43Þ
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Fig. 1. Relaxation modulus as a function of time with different values of k.
Table 1
Material and temporal parameters for simulation cases
Case k (s) t1 (s) tf (s) h (s)
1 1 2 200 0.10
2 1 1 200 0.10
3 10 2 400 0.20
4 10 1 400 0.25
5 100 2 600 0.25
6 100 1 600 0.25
7 1 2 10 0.10
8 10 2 10 0.10
9 100 2 10 0.10
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where x is the analytical solution and x^ is the corresponding numerical approximation which is computed with
either direct inversion or Tikhonov regularization. The analytical solution for the creep compliance was com-
puted as
JðtÞ ¼ 1
G0 þ G1 
1
G0
 
eG0t=ðkðG0þG1ÞÞ þ 1
G0
ð44Þ
in which G0, G1 and k were computed from the noise free relaxation function.
The results with Method 1 for the case studies are given in Table 2. In all simulated cases the Tikhonov
regularization decreases the relative error. In cases 1 and 5 the 20% noise level with the direct inversion results
in divergence due the ill-conditioning problem. In addition, even if the step size in time discretization is
increased in cases 4–6, the error does not increase significantly, which indicates the robustness of the method.
In the very short termination time cases (7–9) the relative error is increased as compared to other cases. How-
ever, regularization decreases the approximation errors efficiently, see Fig. 3, especially with higher noise
levels.
The results with Method 2 are given in Table 3. As compared to results with Method 1, the relative errors
are larger throughout the case studies. With fast tests (cases 7–9) the relative errors are significantly larger in
higher noise levels as compared to Method 1.
Simulation results with Method 3 are given in Table 4. From this table it can be seen that the relative
error in approximation with Method 3 is larger than with Methods 1 and 2 in all cases. Again, Tikhonov
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x||
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Fig. 2. Left: L-curve for Tikhonov regularization. Right: Real estimation error. The solution according to value c = 109 is shown with the
star (*) in both graphs.
Table 2
Results for Method 1 for different case studies
Case Error1 (%) Error
tik
1 (%) Error2 (%) Error
tik
2 (%) Error3 (%) Error
tik
3 (%)
1 4.24 0.74 47.05 1.11 Inf 2.23
2 0.36 0.35 0.76 0.63 14.31 1.87
3 0.34 0.34 0.59 0.57 3.21 1.35
4 0.27 0.27 0.69 0.68 1.68 1.51
5 0.34 0.34 1.66 0.83 Inf 2.78
6 0.36 0.36 0.81 0.76 44.65 2.41
7 3.29 3.18 11.34 6.93 Inf 8.72
8 5.46 5.17 9.05 6.01 40.50 6.46
9 5.81 3.99 12.22 4.68 Inf 10.66
Errors are computed as a relative error between analytical solution and numerical approximation. For the material and temporal
parameters of the cases, see Table 1. Subscripts 1, 2 and 3 refers to noise levels of 5%, 10% and 20%, respectively. Superscript tik refers to
Tikhonov regularized solution.
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Fig. 3. Analytical (dashed line) and approximated (solid line) creep compliance without (upper figure) and with (lower figure)
regularization for Method 1 in simulation case 7 with 10% noise.
Table 3
Results for Method 2 for different case studies
Case Error1 (%) Error
tik
1 (%) Error2 (%) Error
tik
2 (%) Error3 (%) Error
tik
3 (%)
1 6.34 0.85 60.78 1.42 Inf 3.49
2 0.46 0.40 1.10 0.80 16.86 2.57
3 0.39 0.38 0.95 0.75 4.32 2.09
4 0.33 0.32 1.01 0.88 2.19 1.88
5 0.42 0.40 2.27 1.32 Inf 3.65
6 0.52 0.48 1.17 1.00 67.52 3.67
7 3.53 3.45 16.13 7.76 Inf 11.40
8 6.82 6.20 11.41 8.33 63.88 12.41
9 9.97 5.99 23.45 6.12 Inf 14.15
Table 4
Results for Method 3 for different case studies
Case Error1 (%) Error
tik
1 (%) Error2 (%) Error
tik
2 (%) Error3 (%) Error
tik
3 (%)
1 6.34 2.57 60.78 2.98 Inf 8.33
2 0.46 0.46 1.10 1.09 16.78 8.61
3 0.39 0.39 0.95 0.95 4.32 3.94
4 0.33 0.33 1.01 1.01 2.19 2.17
5 0.42 0.42 2.27 2.21 Inf 7.34
6 0.52 0.52 1.17 1.16 67.52 6.80
7 3.53 3.53 16.13 15.72 Inf 66.40
8 6.82 6.82 11.41 11.35 63.83 59.94
9 9.97 9.93 23.45 22.90 Inf 18.95
The variables are as in Table 2.
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Fig. 4. Relaxation modulus as a function of time for simulation case 6 with 20% noise.
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Fig. 5. Tikhonov regularized creep compliances for simulation case 6 with 20% noise. Figures from top to bottom correspond to analytical
solution and Methods 1–3, respectively.
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regularization decreases efficiently the relative error in cases 1–6. In cases 7–9 the regularization does not affect
significantly to the approximation error.
As an example, the relaxation modulus from case 6 with 20% noise level is shown in Fig. 4. The analytical
solution and Tikhonov regularized solutions for creep compliance with all interconversion methods for sim-
ulation case 6 with 20% noise level is shown in Fig. 5. This figure clearly shows how noise affects to simulated
interconversion methods. As it can be seen, high noise level causes rapid oscillation to computed creep com-
pliance with Method 3, while Methods 1 and 2 results in much smoother creep compliance approximation.
As a conclusion, Method 1 gives the best numerical estimates when creep compliance is solved by intercon-
version from relaxation modulus data. Results indicate that the relative error in the approximation of creep
compliance was decreased with all methods in cases 1–6 with Tikhonov regularization. However, when very
fast tests are considered (cases 7–9), Method 1 is the most accurate while regularization does not affect much
to the results computed with Method 3.
7. Conclusions
In this paper, three different interconversion methods were studied in order to determine creep compliance
from non-ideal relaxation test. In practice, there is always measurement noise in viscoelastic experiment. Due
to this and the fact that the convolution integral relating creep compliance and relaxation modulus is numer-
ically ill-posed problem, regularization is necessity to obtain reliable results. The Tikhonov regularization was
proposed to solve the related matrix equation numerically to avoid the ill-conditioning problem.
The proposed numerical procedures were tested using synthetic data with different noise levels. The regu-
larization matrix was determined to be 1st order difference matrix and the regularization parameter was
defined with L-curve method. Although there are several alternatives to choose regularization parameter,
the L-curve was found to be suitable in this case, and the value of the parameter was justified by computing
the real estimation error. The simulation results from different case studies indicate that regularization
decreases the approximation error with all interconversion methods. Especially, when noise level increases,
the ill-conditioning problem comes more evident and regularization is the only alternative to get the reliable
result. As interconversion methods are compared, Method 1 was found to be the most accurate. In addition,
the computation time is almost the same for all methods so Method 1 should be used in practice. Especially,
during the very fast tests, Method 1 gives the most accurate approximation while results with Method 3
remains inaccurate in spite of regularization.
It was shown that interconversion methods based on numerical evaluation of the convolution integral are
potential candidates to solve creep compliance from relaxation test even with presence of uncertainties such as
noise, non-ideal loading and short test times. If the relaxation test is very long, the dimensions of the related
matrix equation becomes very large. In this case logarithmic time scale can be used or interconversion can be
accomplished in the frequency domain. However, the purpose of this paper was to present robust algorithms
which can be used in time domain with materials exhibiting relatively fast rate of relaxation.
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Abstract Two alternative approaches for estimating linear viscoelastic material functions
from a single experiment under random excitation are derived and analyzed. First, Boltz-
mann’s superposition integral is discretized into a system of linear equations. Due to the
ill-posedness of the resulting matrix equation, Tikhonov’s regularization is introduced. Sec-
ond, the integral is transformed into a recursive formula, using a Prony series representation
of viscoelastic material functions, in which gradient-based optimization is applied. Numer-
ical results are provided to compare and verify the applicability of the presented numerical
procedures.
Keywords Creep compliance · Relaxation modulus · Regularization · Optimization ·
Linear viscoelasticity
1 Introduction
The viscoelastic constitutive equation can be expressed using either a creep-based or a
relaxation-based formulation. For the uniaxial integral representation of the linear theory,
the creep description of material is characterized by the creep compliance and the relax-
ation description by the relaxation modulus. The creep compliance and the relaxation mod-
ulus are related through a convolution integral. Typically, the material descriptions within
the creep and relaxation versions can be found by performing two separate experiments,
namely creep and relaxation tests, or conducting a single experiment and using a numerical
interconversion, where the convolution integral relating the creep and relaxation functions
is numerically solved. Recently, Nikov et al. (2005) presented a theoretical framework for
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a new apparatus to obtain the creep compliance and the relaxation modulus from a single
experiment called spring loading.
Regardless of the chosen identification path, several difficulties arise. First of all, the
test apparatus rarely produces ideal loading programs, e.g. instantaneous deformations such
as step strain. To take into account the finite loading time in the creep or relaxation tests,
several methods have been proposed (Zapas and Phillips 1971; Meissner 1978; Smith 1979;
Lee and Knauss 2000; Sorvari and Malinen 2006). However, the preceding methods are only
applicable to specific loading programs, basically for ramp tests, and even so they involve
several difficulties (Flory and McKenna 2004). Secondly, the interconversion is an ill-posed
problem and many of the methods (Bradshaw and Brinson 1997; Dooling et al. 1997; Park
and Schapery 1999; Liu 2001) require that the source or/and target function is expressed in
a Prony series form. Moreover, if the source function is poorly estimated, it will necessarily
reflect on the estimation accuracy of the target function. Based on the above-mentioned
discussion, it is obvious that if non-ideal viscoelastic experiment is performed and both the
creep compliance and relaxation modulus are to be approximated, several problematic steps
have to be executed before linear viscoelastic material functions are determined. Thus, it
is surprising that there are not many studies devoted to the direct estimation of both linear
viscoelastic material functions from a single experiment.
The objective of this work is to formulate and analyze methods for estimating both linear
viscoelastic material functions, the creep compliance and relaxation modulus, from a sin-
gle experiment under an arbitrary input. A practical point of view is strongly emphasized,
thus the presented methods are easy to implement. In addition, they are fast to use since
underlying algorithms can be applied to both material functions, only the roles of stress and
strain have to be interchanged. In the first approach, a system of linear equations is derived
by dividing the related integral into a finite number of subintervals and applying numer-
ical integration. Thus, a similar approach is adopted as in Hopkins and Hamming (1957)
but using the integral relating stress and strain, not the creep compliance and relaxation
modulus. Since noise in experimental data can cause large errors in the inversion of the
resulting matrix equation, Tikhonov’s regularization, which has been successfully applied
in the estimation of viscoelastic material parameters before (Honerkamp and Weese 1990;
Sorvari and Malinen 2007), is proposed to solve the problem at issue. In the second ap-
proach, the viscoelastic constitutive equation is transformed into a recursive formula using
a Prony series, and then the nonlinear least-squares optimization is used to determine the
material parameters. A similar approach, i.e. converting the parameter identification to an
optimization problem, has been previously used, for example in viscoplastic material mod-
els (Jao et al. 1991; Mahnken and Stein 1996) and in the nonlinear viscoelastic model (Goh
et al. 2004) which exhibit separable strain and time variables.
2 Constitutive laws
In this section, the constitutive laws are outlined and the properties of the material para-
meters are discussed. We begin by introducing the linear viscoelastic material model in the
relaxation description, which is given by1
σ(t) =
∫ t
0
E(t − τ)˙(τ )dτ, (1)
1Throughout this paper material is considered to be unstrained before the time zero.
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where E(t) is the relaxation modulus. The corresponding creep-based formula is given by
(t) =
∫ t
0
D(t − τ)σ˙ (τ )dτ, (2)
where D(t) is the creep compliance. The relaxation modulus and creep compliance are
related as (Findley et al. 1989)
t =
∫ t
0
E(t − τ)D(τ)dτ. (3)
Two useful relations between viscoelastic material functions are (Tschoegl 1989)
E(0)D(0) = 1 and E(∞)D(∞) = 1. (4)
Typical assumptions on the time-dependent behavior of the relaxation modulus are (Chris-
tensen 1972; Liu 1999)
E(t) > 0, E′(t) < 0 and E′′(t) > 0 (5)
and for the creep compliance
D(t) > 0, D′(t) > 0 and D′′(t) < 0. (6)
Commonly, the viscoelastic material functions are represented via the power-law, Prony
series or KWW type function. As already mentioned, many interconversion methods are
based on the use of the Prony series. Also, due to a semigroup property of exponential
functions, Prony series are often applied in the contents of the finite element method to
avoid storage problems (Simo and Hughes 1998). In the Prony series representation
E(t) = E0 +
I
∑
i=1
Eie
−t/λi , (7)
D(t) = D0 +
I
∑
i=1
Di(1 − e−t/τi ), (8)
where the values λi and τi are often referred to as relaxation times and retardation times,
respectively. For physically realistic materials, all coefficients in the Prony series should be
positive (Bradshaw and Brinson 1997). Throughout this study, unless otherwise indicated,
the creep compliance is expressed as
D(t) = D0 +
I
∑
i=1
Die
−t/τi , (9)
when the Prony series representation is used.
We would like to emphasize that both direct approaches that will be presented in this
paper can be applied equally well to both material functions. However, in the forthcoming
sections, an analysis is performed using the relaxation-based formulation. For the corre-
sponding creep formulation (2) modifications are trivial.
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3 Numerical evaluation of the constitutive integral
Before proceeding, the choices made are briefly motivated. The most fundamental way to
approximate viscoelastic material functions is to determine them without using any as-
sumptions on the form of the creep compliance and relaxation modulus. Therefore, the
constitutive integral must be evaluated numerically. To keep the numerical method sim-
ple and robust, a stable low-order quadrature should be used. Since for Volterra’s equation
of the first kind, the midpoint method is numerically stable (Linz 1985) unlike for exam-
ple the trapezoidal rule and second-order accurate, the midpoint method is chosen. Due to
the ill-posedness of the problem and the fact that every real measurement contains noise,
Tikhonov’s regularization is proposed to solve the resulting matrix equation.
3.1 Midpoint method
To approximate the relaxation modulus on the time interval [0, T ], we consider the partition
φn = [tn, tn+1], where n = 0, . . . ,N − 1 and t0 = 0, tN = T . In addition, a constant time step
is assumed, i.e. tn+1 − tn = t . Thus, the stress at time tn+1 is given by
σ(tn+1) =
n
∑
j=0
∫
φj
E(tn+1 − τ)˙(τ )dτ. (10)
Applying the midpoint rule gives
σ(tn+1) ≈
n
∑
j=0
tE(tn+1 − tj+1/2)˙(tj+1/2), (11)
where tj+1/2 = (tj + tj+1)/2. Using the central difference rule to strain rate gives
σ(tn+1) ≈
n
∑
j=0
E(tn+1 − tj+1/2)((tj+1) − (tj )) (12)
or
σ([n + 1]t) ≈
n
∑
j=0
E([n − j + 1/2]t)(([j + 1]t) − (jt)), (13)
which can be written into a matrix form as
Ax = b, A ∈ RN×N, x, b ∈ RN, (14)
where
Akl =
{
([k − l + 1]t) − ([k − l]t) if l ≤ k,
0 if l > k, (15)
xk = E([k − 1/2]t), (16)
bk = σ(kt), (17)
for k, l = 1, . . . ,N . Now, if the stress and strain are known at times tn, where n = 1, . . . ,N ,
the relaxation modulus can be determined using (14). In addition, (14) can be use to find the
creep compliance once the roles of stress and strain have been interchanged.
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3.2 Tikhonov’s regularization
Since the direct inversion can cause large errors due to the ill-posedness of the problem
and noise in measurements, Tikhonov’s regularization is proposed to solve (14). Then, the
regularized solution is given by (Hansen 1998)
xμ = arg min
{‖Ax − b‖2 + μ‖Lx‖2} (18)
or equivalently (Hansen 1998)
xμ = (μLT L + AT A)−1AT b, (19)
where μ > 0 is the regularization parameter and L is the regularization matrix. To obtain a
smoothly behaving solution, the regularization matrix can be chosen to be a discrete approx-
imation of a derivative operator. Since both the creep compliance and relaxation modulus
are known to be smooth functions of time, a natural choice for the matrix L would be the
first order difference matrix
L =
⎛
⎝
−1 1
. . .
. . .
−1 1
⎞
⎠ ∈ R(N−1)×N . (20)
The regularization parameter affects strongly the quality of the solution. With too small μ
the problem is still ill-conditioned, while too large μ over-smooths the solution. Hence, the
central question in Tikhonov’s regularization is the determination of an appropriate value
for the regularization parameter.
The regularization parameter can be chosen using for example the discrepancy principle,
generalized cross-validation or L-curve method (Hansen 1998). Adequate results may also
be found using a simple trial-and-error method. In the L-curve method, a smoothing norm
‖Lxμ‖ is plotted as a function of residual norm ‖Axμ −b‖ with varying μ, see Fig. 1. When
the norms are plotted in the log-log scale, the resulting curve is often L-shaped. The regu-
larization parameter can be chosen from the solution which is near the L-curve’s corner. For
a more detailed analysis of the L-curve method, we refer the readers to references (Hansen
and O’Leary 1993; Hansen 1998).
In this study, the regularization matrix is chosen as the first-order difference matrix and
the regularization parameter is chosen by using the L-curve method.
Fig. 1 L-curve
148 Mech Time-Depend Mater (2007) 11: 143–157
4 Optimization approach
In recent years, the optimization approach has been a popular choice for determining
the material parameters of inelastic material models. Both deterministic (Jao et al. 1991;
Mahnken and Stein 1996; Goh et al. 2004) and stochastic (Müller and Hartmann 1989;
Bruhns and Anding 1999) methods have been successfully applied. Unlike the mechanistic
approach, the optimization approach allows a simultaneous estimation of material parame-
ters. In addition, mechanistic approaches are often based on idealistic loading programs
which cannot be achieved in practice. Thus, a natural rival candidate for the previously de-
rived procedure is an optimization approach.
Although material functions are now approximated with a Prony series, our main interest
lies on the approximation of discrete time domain data, not the line spectrum itself. There-
fore, no restrictions are made for the signs of the Prony series coefficients. Otherwise the
nonnegative least-squares method should be used.
4.1 Time integration scheme
Since we are considering random excitations, a numerical method is required to calculate
stress from a given strain history. Using a Prony series we can divide (1) into parts
σ(tn+1) = E0(tn+1) +
I
∑
i=1
Ei
∫ tn+1
0
e−(tn+1−τ)/λi ˙(τ )dτ (21)
= E0(tn+1) +
I
∑
i=1
Eihi(tn+1). (22)
The semigroup property of the exponential function gives
hi(tn+1) =
∫ tn+1
0
e−(tn+1−τ)/λi ˙(τ )dτ (23)
= e−tn/λi
∫ tn+1
0
e−(tn−τ)/λi ˙(τ )dτ, (24)
where tn = tn+1 − tn. Further,
hi(tn+1) = e−tn/λi hi(tn) + e−tn/λi
∫ tn+1
tn
e−(tn−τ)/λi ˙(τ )dτ. (25)
Assuming the strain rate to be constant in the time interval [tn, tn+1] yields the recursive
relation
hi(tn+1) = e−tn/λi hi(tn) + n
tn
λi(1 − e−tn/λi ). (26)
This recursive relation, which will also be used in this paper, was first suggested by Taylor
et al. (1970). It gives an exact result for a piecewise linear strain history. Alternatively, the
midpoint rule can be applied to the Equation (25), giving
hi(tn+1) = e−tn/λi hi(tn) + e−tn/2λi ˙(τ )
∣
∣
τ=tn+1/2 tn (27)
= e−tn/λi hi(tn) + e−tn/2λin. (28)
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Both of these presented approaches are second-order accurate and unconditionally stable
(Simo and Hughes 1998).
4.2 Least-squares problem
We consider a least-squares problem
minimize F(x), (29)
where the objective function is given by
F(x) = 1
2
‖f (x)‖2 = 1
2
N
∑
n=1
w2n(σˆ (tn, x) − σ(tn))2, (30)
where σ(tn) is the nth measured stress data point, σˆ (tn) is the nth calculated stress data
point, wn is the weight factor of the nth data point and x = [E0,E1, . . . ,EI , λ1, . . . , λI ]
is the vector containing estimated parameters. Several solution strategies can be applied to
solve the problem (29). For example, the Levenberg–Marquardt method is given by
(J (xm)T J (xm) + ηI)xm = −J (xm)T f (xm), (31)
xm+1 = xm + xm, (32)
where m is the iteration number, η is a scalar and I is the identity matrix. The components
of the Jacobian matrix are given by
Jkl = ∂fk(x)
∂xl
= wk ∂σˆ (tk, x)
∂xl
. (33)
If Taylor’s recursive relation is used, then
Jkl =
⎧
⎨
⎩
wk(tk), if l = 1,
wkhl−1(tk), if l = 2, . . . , I + 1,
wkEl−I−1∂hl−I−1(tk)/∂λl−I−1, if l = I + 2, . . . ,2I + 1.
(34)
The partial derivate can be calculated recursively as
∂hi(tk)
∂λi
= tk
λ2i
e−tk/λi hi(tk−1) + e−tk/λi ∂hi(tk−1)
∂λi
+ k
tk
(1 − e−tk/λi (1 + tk/λi)), (35)
where hi and ∂hi/∂λi equals zero at time zero.
Relaxation times are often a priori given. Thus, one might take x = [E0,E1, . . . ,EI ].
This is the most recommended approach and will be used in this study.
Again, same equations can be use to find the creep compliance once the roles of stress
and strain have been interchanged.
In the present work, the MATLAB® software and its lsqnonlin function is used to com-
pute the numerical experiments related to the optimization approach.
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5 Numerical studies
To demonstrate the applicability of the two proposed numerical procedures (which we will
refer to as numerical and optimization approach), we consider a ramp relaxation test using
experimental data and a sinusoidal test with synthetic test data. In both cases test times are
rather short. Besides comparing the accuracy of the approaches in short time ranges, we end
this section by analyzing them in a longer creep test.
5.1 Ramp relaxation test
First we consider the ramp test
(t) =
{
0t/t1, t < t1,
0, t1 ≤ t ≤ t2, (36)
where 0 is the constant strain level, t1 is the ramp time and t2 is the final time.
The ramp test was measured using C-Impact test apparatus (Kouko et al. 2006) and was
performed in the machine direction for a fine paper sample with a basis weight of 70 g/m2
and the dry solids content of 43%. The length (machine direction dimension) and the width
(cross direction dimension) of the rectangular specimen were 100 mm and 20 mm, respec-
tively. During the test, the force per width i.e. tension was measured. The elongation velocity
was 0.001 m/s and the constant strain level was set at 0.8%, therefore the ramp time was
approximately 0.8 s. The length of the test was ten seconds. The measured tension and strain
as a function of time are shown in Fig. 2. To obtain equally spaced stress and strain data as
a function of time, a spline function with a time step of 0.02 s was applied to the test data.
The initial spectral strengths for the optimization approach were chosen to be
E0 = σ(t2)/0, 2Ei = (σ (t1) − σ(t2))/0,
(37)
D0 = 0/σ(t2), 2Di = 0/σ(t1) − 0/σ(t2)
for i = 1,2. The relaxation and retardation times were λ1 = τ1 = 1 and λ2 = τ2 = 100. In
addition, equal weights were used, i.e. wn = 1.
The approximated relaxation moduli are shown in Fig. 3. Apart from the initial values of
the moduli, no evident differences are observed between the two approaches. The true vs.
modeled ramp test is shown in Fig. 4. Both approaches yield good results. The approximated
creep compliances and converted relaxation modulus are shown in Fig. 5. Again, the results
are very similar. Thus, we can conclude that both approaches were able to approximate both
material functions with an acceptable accuracy.
5.2 Sinusoidal test
To check the validity of the presented methods under a nonstandard input we examine a
sinusoidal test
(t) = 0 sinωt, (38)
where 0 = 0.01 and ω = 0.1 s−1. For the simulations we take the relaxation modulus to be
E(t) = E0 + E1e−t/λ1 + E2e−t/λ2 . (39)
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Fig. 2 Measured tension and
strain as a function of time
(a) Tension
(b) Strain
Table 1 Prony series constants
in sinusoidal test i Ei [MPa] λi [s] Di [MPa−1] τi [s]
0 1 – 1 –
1 0.6 5 −0.340 29.135
2 0.4 20 −0.160 6.864
The corresponding creep compliance is given by
D(t) = D0 + D1e−t/τ1 + D2e−t/τ2 . (40)
The values for the Prony series constants are given in Table 1.
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Fig. 3 Approximated relaxation
moduli in ramp test
Fig. 4 True and modeled ramp
test
In order to model the noise produced by a test machine, random Gaussian noise with
a variance of ±1% of the maximum value of stress/strain was added to the original
stress/strain. The test data was equally spaced in the time axis with a time step of 0.1 s
and the test time, te , was 100 s.
The starting values for the spectral strengths were
E0 = E(te)r, Ei = (E(0) − E(te))/I,
D0 = D(te)r, Di = (D(0) − D(te))/I (41)
for i = 1, . . . , I where I = 3 and r is a random number between 0.5 and 1.5. The relaxation
and retardation times were λi = τi = 10i−1 and weights were w2n = 1/n.
The results from the sinusoidal test are shown in Figs. 6 and 7. Relative errors are given
in Table 2. Clearly, the numerical approach fails at the beginning of the test, whereas the
optimization approach fails at the end of the test in the case of the creep compliance. How-
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Fig. 5 Approximated creep
compliances in ramp test
Fig. 6 Approximated relaxation
moduli in sinusoidal test
Table 2 Relative errors in sinusoidal and creep tests. Errore and ErrorE are the errors in the relaxation
modulus for the numerical and optimization approaches, respectively. Similarly, Errord and ErrorD are the
errors in the creep compliance
Test Errore [%] Errord [%] ErrorE [%] ErrorD [%]
Sinusoidal 3.0 0.9 1.1 1.7
Creep 14.8 1.5 2.3 0.8
ever, considering the complex loading program, errors in the material functions are still at
a relatively low level. As a conclusion, both numerical procedures are valid with a good
accuracy in short tests with a general input.
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Fig. 7 Approximated creep
compliances in sinusoidal test
Table 3 Prony series constants
in creep test i Di [1/Pa] τi [s]
0 4.47 · 10−10 –
1 4.08 · 10−11 2.19 · 10−2
2 7.37 · 10−11 2.34 · 10−1
3 2.25 · 10−10 2.88 · 100
4 6.40 · 10−10 3.80 · 101
5 2.03 · 10−9 5.25 · 102
6 6.86 · 10−9 6.61 · 103
7 2.19 · 10−8 6.03 · 104
8 6.50 · 10−8 5.89 · 105
9 1.37 · 10−7 4.27 · 106
10 6.93 · 10−8 2.57 · 107
11 1.45 · 10−7 2.95 · 108
5.3 Creep test
In this final demonstration, a 1000 seconds long creep test is analyzed. The creep compliance
is taken from reference Park and Schapery (1999) and it is given by
D(t) = D0 +
11
∑
i=1
Di(1 − e−t/τi ), (42)
where the coefficients are given in Table 3. The constant stress level in the creep test is
2 MPa and the time step is 1 s. It is assumed that the material is initially unstressed and
that the constant stress level is obtained at a time of 1 s. Noise with a variance of ±1% was
added to the original stress and strain data. The corresponding ‘exact’ relaxation modulus
is obtained numerically using the forward interconversion scheme derived by Dooling et al.
(1997) and using 20,000 equal time steps over the test time interval.
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Fig. 8 Approximated relaxation
moduli in creep test
Fig. 9 Approximated creep
compliances in creep test
The starting values for the spectral strengths as well as the relaxation and retarda-
tion times were chosen similarly as in previous case but using I = 4. The weights were
w2n = 1/n.
The results from the creep test are shown in Figs. 8 and 9, and the relative errors are given
in Table 2. Apart from the relaxation modulus case where the numerical approach fails at the
beginning of the test good result are obtained. By conduction an extra analysis (i.e. separate
Tikhonov’s regularization for time interval 0–20 s) also the numerical approach produces
better result, see Fig. 8.
6 Conclusions
Two different approaches to determine creep and relaxation functions from a single experi-
ment under an arbitrary input were derived and analyzed. The applicability of the methods
was verified using experimental and synthetic test data. Both short and large time ranges
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were considered. No significant differences between the approaches were detected. Al-
though some difficulties were noted, mainly in the accuracy of initial values, the results
indicate that both approaches are suitable for estimating creep and relaxation functions.
Moreover, the presented numerical procedures can be used to give first-hand information on
both material functions regardless of the loading program and noisiness of test data.
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Abstract One of the key tasks in computational viscoelasticity is the time integration
of the constitutive equation. It is important that the behaviour of the integrators is
well understood since they are used in a variety of applications. In the present paper,
the performance of conventional semi-analytical methods and implicit Runge-Kutta
methods for the integral model of linear viscoelasticity with Prony series is evalu-
ated analytically and numerically. Although a linear viscoelastic constitutive equation
is considered, the analyzed integrators can be extended to handle also Schapery-type
nonlinear constitutive equations. Numerical examples involving a simple uniaxial prob-
lem and multiaxial simulations are presented in order to analyze and compare the time
integrators.
Keywords linear viscoelasticity · time integration · semi-analytical methods · implicit
Runge-Kutta methods · Maxwell model · Schapery’s model
1 Introduction
Efficient time integrators may be needed in deterministic parameter estimation meth-
ods (Goh et al., 2004; Sorvari and Malinen, 2007), in interconversion methods (Dooling
et al., 1997; Touati and Cederbaum, 1998) as well as in finite element method (Poon
and Ahmad, 1998, 1999). Thus, one of the key issues in computational viscoelasticity
is the time integration of viscoelastic constitutive equations.
The response of a viscoelastic material depends on the entire excitation history.
In order to evaluate the response numerically, the entire excitation history must be
kept in memory and therefore the memory storage increases in time. For the integral
model of linear viscoelasticity the storage problem can be avoided by representing the
kernel function as a Prony series. Due to the semigroup property of the exponential
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2function, the use of a Prony series enables an efficient recursive relation to be derived.
In conventional time integration methods the Prony series representation is combined
with a simplified assumption of the loading program within a time increment: constant
(Zienkiewicz et al., 1968), piecewise constant (Herrman and Peterson, 1968), linear
(Taylor et al., 1970) and even exponential (Argyris et al., 1991) variation of strain
or stress has been used. Similar integration methodologies have also been succesfully
applied for Schapery’s nonlinear viscoelastic model (Henriksen, 1984; Beijer and Spoor-
maker, 2002), for the Duvaut-Lions viscoplasticity model (Simo et al., 1988), in large
strain viscoelasticity (Holzapfel, 1996) and in endochronic plasticity (Hsu et al., 1991)
as well as in other application areas (Patlashenko et al., 2001).
When the kernel function is represented via the Prony series, the problem of in-
tegrating the viscoelastic constitutive equation can be converted to the problem of
integrating an evolution equation of a Maxwell element, which is a first order differ-
ential equation. From the differential perspective the conventional linear viscoelastic
time integration strategies can be interpreted as exponential time differencing (ETD)
schemes (Beylkin et al., 2002; Cox and Matthews, 2002), which have recently been
extensively studied in the area of computational physics. The idea in the exponential
time differencing is to integrate the linear part of the first order differential equation
exactly and to approximate the (nonlinear) source term by an algebraic polynomial.
According to Poon and Ahmad (1998), the differential approach enables flexibility in
choosing of a suitable time integration method and obviates the need for a non-physical
simplified loading program within a time step. However, this approach has not gained
popularity, few exceptions being Poon and Ahmad (1998, 1999); Gramoll et al. (1989).
In literature (Zienkiewicz and Taylor, 2000; Beijer and Spoormaker, 2002) the con-
ventional semi-analytical methods are considered superior over the typical low-order
Runge-Kutta methods. For (visco)plastic constitutive models, a variety of integrators
have been successfully applied, such as the backward Euler method (Schreyer et al.,
1979), implicit Runge-Kutta methods (Buttner, 2002), Rosenbrock methods (Kirchner
and Kollmann, 1999), BDF methods (Kirchner and Simeon, 1999), etc. From this per-
spective, one might wonder why the common solution methods of ordinary differential
equations have not gained popularity. If the generalized trapezoidal rule is considered,
the reasons seem to be rather clear. The stable backward Euler method is asymp-
totically only first-order accurate and the second-order accurate trapezoidal method
yields spurious numerical oscillations when the time step is large. However, the answer
is not so straightforward as it may seem. When the time step is large, the backward
Euler method may perform better than higher-order methods (Kouhia et al., 2005),
and further, the oscillation of the trapezoidal method can be reduced in several ways
(Østerby, 2003).
Although the time integration in linear viscoelasticity can be considered to be
rather well established, it seems that rather little is known about discrepancies and
advantages of the different integrators. In addition, integrators of the linear model
are often extended to handle also nonlinear viscoelastic models. For nonlinear models
the choice of the method is far from obvious. In fact, the motivation for this research
stems from the problem of integrating Schapery’s (Schapery, 1969, 1997) nonlinear
viscoelastic model.
The aim of the present paper is to add understanding to the behavior of the dif-
ferent time integrators so that even a nonspecialist rheologist programmer would be
capable of choosing a proper integrator from among the large arsenal of methods. Be-
sides evaluating the performance of conventional methods, the performance of implicit
3Runge-Kutta methods is evaluated. The analysis ranges from a local error analysis of
a uniaxial model to a multiaxial FEM simulation.
2 Time integrators
The evolution equation of a Maxwell element is given by
dσ∗(t)
dt
= −
1
λ
σ∗(t) + E
d(t)
dt
, σ∗(0) = E(0), (1)
where σ∗ is the internal stress, λ > 0 is the relaxation time and E > 0 is the stiff-
ness modulus of the element. A Maxwell system consists of several Maxwell elements
connected in parallel. The total stress of the system is given by the sum of the inter-
nal stresses. For engineering materials the relaxation process evolves on several time
scales and thus the range of relaxation times may be very wide in a Maxwell system.
The relaxation times are commonly a priori chosen, for example, equidistantly on the
logarithmic time axis one or two per decade of experimental data (Knauss and Zhao,
2007). The value for the ratio between the largest and the smallest relaxation time,
i.e. λmax/λmin, can be 10
10 or even higher for a Maxwell system. Therefore, a suitable
integrator should be stable and accurate for both small and large values of λ.
Due to stability restrictions the use of conventional explicit integrators leads to
impractically small time steps to be used in practical analysis. Roughly speaking, a
typical explicit integrator has a critical time step of order λmin for a Maxwell system.
Clearly, the use of implicit integrators is a necessity.
In a stiff case, characterized by λ << 1, the solution of the evolution equation
consists of two phases: a fast phase where there is a rapid approach to a slow manifold
followed by a slow phase where the solution evolves along the slow manifold (Cox
and Matthews, 2002). In the slow manifold the internal stress is given by (Cox and
Matthews, 2002; Boyd, 2001)
σ∗(t) = Eλ
d
dt
− Eλ2
d2
dt2
+ Eλ3
d3
dt3
−+ . . . (2)
for the Maxwell model.
Since the ODE (1) involves a time derivative of the strain, it is advantageous for
numerical purposes to transform the ODE to form
y′(t) = F (t, y(t)) = −
1
λ
y(t) +
E
λ
(t) (3)
by using a change of variables σ∗(t) = E(t) − y(t). The numerical scheme of the
transformed ODE can be transformed back to the original variable σ∗ by using again
the change of variables. The naming convention of the integrators is based on the
integrators of the transformed ODE (3).
42.1 Runge-Kutta methods
An s-stage implicit Runge-Kutta (RK) method for the transformed ODE (3) is given
by
yn+1 = yn +∆t
s∑
i=1
biki, (4)
ki = F

tn + ci∆t, yn +∆t
s∑
j=1
aijkj

 i = 1, . . . , s, (5)
where aij , bi, ci are the coefficients of the method. The backward Euler method for
the Maxwell model is given by
σ∗n+1 =
1
1 +∆t/λ
σ∗n +
E∆
1 +∆t/λ
(bE). (6)
The trapezoidal or two-stage Lobatto IIIA method is given by
σ∗n+1 =
1− 1
2
∆t/λ
1 + 1
2
∆t/λ
σ∗n +
E∆
1 + 1
2
∆t/λ
(Tr), (7)
and the two-stage Lobatto IIIC method by
σ∗n+1 =
σ∗n + (1 +
1
2
∆t/λ)E∆
1 +∆t/λ+ 1
2
(∆t/λ)2
(L3C). (8)
The Butcher tableau for the Lobatto methods is given in Table 1.
According to Kouhia et al. (2005), the integrator of an inelastic material model
should be at least L-stable, and for the ODE (1) without the source term, the am-
plification factor should be positive and monotonous. Both the backward Euler and
Lobatto IIIC methods fulfil these criteria. However, the trapezoidal method is only
A-stable. Nevertheless, as it is well known, the trapezoidal method is a good choice if
the time step is sufficiently small.
The considered RK methods are closely related to Galerkin methods in time. The
backward Euler and trapezoidal methods can also be derived by applying the Galerkin
methods directly to the ODE (1). The backward Euler is equivalent to the discontinuous
Galerkin method of degree zero and the trapezoidal method is equivalent to the con-
tinuous Petrov-Galerkin method of degree one1. The performance of several Galerkin
methods for creep type inelastic models has been evaluated in Reference Kouhia et al.
(2005).
We would like to emphasize that the RK methods can be extended to handle
thermal (thermorheologically simple models) and nonlinear (Schapery type models)
effects as long as the kernel function is represented via the Prony series.
1 For the Galerkin methods we use definitions given in Reference Kouhia et al. (2005).
52.2 Semi-analytical methods
For viscoelastic materials the most popular time integrators are based on idealized
loading programs in which simplified variation of strain is assumed within a time step.
In what follows we adopt the name semi-analytical (SA) integrators for these types
of methods. To be more specific, we define SA integrators as methods in which the
evolution equation is integrated exactly by approximating strain by a continuous or
discontinuous polynomial within a time step2.
The exact solution for the transformed ODE is given by
yn+1 = e
−∆t/λyn +
E
λ
∫ tn+1
tn
e−(tn+1−τ)/λ(τ )dτ. (9)
The simplest approximation to evaluate the integral analytically is to assume that
the strain is constant throughout the time interval. Approximating (τ ) in a backward
manner, i.e. (τ ) = n+1, and transforming the resulting scheme to the original variable
yields
σ∗n+1 = e
−∆t/λσ∗n + e
−∆t/λE∆ (SA1). (10)
The SA1 method was first introduced by Zienkiewicz et al. (1968) for a Kelvin system.
A better approximation to the integral is to assume piecewise constant variation of
strain which gives
σ∗n+1 = e
−∆t/λσ∗n + e
−∆t/(2λ)E∆ (SA2). (11)
This scheme is often derived by integrating the evolution equation exactly (see Eq.
(18)) and then using the midpoint rule to the integral and the center difference scheme
to the time derivative of strain, see e.g. Simo and Hughes (1998) and also Feng (1992).
Rather than approximating strain in a constant manner, we may approximate the
strain rate to be constant. Linear variation of strain gives
σ∗n+1 = e
−∆t/λσ∗n +
1− e−∆t/λ
∆t/λ
E∆ (SA3). (12)
The SA3 method is commonly attributed to Taylor et al. (1970). For small ∆t/λ the
second term of the right-hand side of Eq. (12) suffers from cancellation error. Thus, to
avoid rounding errors a series expansion should be used when ∆t/λ is small
1− e−∆t/λ
∆t/λ
= −1 +
1
2
(
∆t
λ
)
−
1
6
(
∆t
λ
)2
+− . . . . (13)
The considered SA schemes have also been extended to nonlinear viscoelastic mod-
els. The constant and piecewise constant schemes have been generalized to the nonlinear
creep-based Schapery’s model by Beijer and Spoormaker (2002). For Schapery’s model
a time integration method which reduces in a linear case to the SA3 method was de-
rived by Henriksen (1984) and has been used by many other researchers (Czyz and
Szyszkowski, 1999; Lai and Bakker, 1996; Kennedy, 1998; Haj-Ali and Muliana, 2004).
However, it should be pointed out that for the nonlinear model it does not give any
2 As already said, these methods can be interpreted as the ETD methods. However, we
prefer the name semi-analytical integrators, which is also used in Reference Patlashenko et al.
(2001), in order to emphasize that the ODE (1) is solved exactly for a given strain history.
6more an exact result for the piecewise linear strain history, or the stress history if the
creep-based model is used.
Rather interestingly, we see that the only difference between the SA3 method and
the trapezoidal and Lobatto IIIC methods is the order of approximation of the expo-
nential function. We may rewrite Eqs. (7), (8) and (12) as
σ∗n+1 = Q(−∆t/λ)σ
∗
n +
1−Q(−∆t/λ)
∆t/λ
E∆, (14)
where Q(z) is the exponential function for the SA3 method, the diagonal (1,1)-Pade´
approximation for the trapezoidal method and the subdiagonal (0,2)-Pade´ approxima-
tion for the Lobatto IIIC method. Similarly, we see that the SA1 method reduces to the
backward Euler method when the (0,1)-Pade´ approximation is used to the exponential.
Another interesting observation can be made when λ is small. In that case the first
term in the series (2) is recovered for the SA3 method as well as for the backward
Euler and Lobatto IIIC methods. Note the interesting behavior of the backward Euler
method. For large λ the backward Euler method approaches the SA1 method while for
small λ the backward Euler method approaches the SA3 method.
2.3 Integrating factor methods
Yet another possible solution, and a rather natural one to the ODE (3) is the numerical
integration of the integral in Eq. (9). At first glance, this might seem to be a promising
alternative. However, as we will soon see, a direct numerical integration is not generally
a good choice. This kind of approach has been used for example in Oden and Armstrong
(1971) where the Simpson’s rule was used for a thermoviscoelastic model, see also
Rivkin and Givoli (2000). These methods can be identified as integrating factor (IF)
methods (Cox and Matthews, 2002; Boyd, 2001; Minchev and Wright, 2005), discovered
by Lawson (1967), where the ODE (3) is transformed to form
d
dt
(
yet/λ
)
=
E
λ
(t)et/λ, (15)
and then an RK method is applied to the ODE. Applying the generalized trapezoidal
rule to (15) and transforming the resulting scheme to the original variable σ∗ yields
the generalized IF trapezoidal rule
σ∗n+1 = e
−∆t/λσ∗n + En+1(1− θ∆t/λ)
−En(1 + [1− θ]∆t/λ)e
−∆t/λ, (16)
where 0 ≤ θ ≤ 1.
To demonstrate a weakness in the IF methods we consider a problem with constant
strain. It is most important that a time integrator of the viscoelastic model behaves
correctly in this simple stress relaxation problem. When the strain is constant, the
error for the generalized IF trapezoidal rule is given by
E ≡ σ∗(tn+1)− σ
∗
n+1
= −E
(
(1− θ∆t/λ)− (1 + [1− θ]∆t/λ)e−∆t/λ
)
. (17)
For ∆t/λ >> 1 the error is ∼ θ∆t/λ indicating a linear growth of the error except for
the forward IF Euler which is accurate at limit ∆t/λ→∞. It can also be shown that
7if a 3-stage Lobatto method is applied to Eq. (15), or equivalently, if Simpson’s rule is
applied to Eq. (9), E → ∞ at the limit. Clearly, we cannot use integration rules which
have abscissa at the right end point of the interval. Therefore, the only practical choice
is the forward IF Euler method which, however, is far more less accurate than the
SA methods. Consequently, in the forthcoming sections, the analysis is concentrated
only on the SA and RK methods. Finally, we point out that the poor performance of
the IF methods has been reported in other application areas as well, see e.g. Cox and
Matthews (2002).
3 Local error analysis
For the local error analysis we follow the approach taken in Reference Kværnø (2004).
In addition, it is here assumed that the strain is independent of relaxation time λ.
The exact solution for the evolution equation of a Maxwell element is given by
σ∗(tn+1) = e
−∆t/λσ∗(tn) + Ee
−∆t/λ
∫ ∆t
0
eτ/λ
d
dτ
(tn + τ )dτ. (18)
Without loss of generality, we may assume hereafter that E = 1 or equivalently we
may consider the dimensionless form of the evolution equation. By expanding (tn+ τ )
into a Taylor series gives
σ∗(tn+1) = e
−∆t/λσ∗(tn) +
∞∑
k=1
(k)(tn)
1
(k − 1)!
× e−∆t/λ
∫ ∆t
0
eτ/λτk−1dτ. (19)
After integrating each term separately, we get
σ∗(tn+1) = ϕ0(∆t/λ)σ
∗(tn) +
∞∑
k=1
ϕk(∆t/λ)
(k)(tn)∆t
k, (20)
where
ϕk(z) =
1
(−z)k

e−z −
k−1∑
j=0
(−z)j
j!

 k = 1, 2, . . . , (21)
and ϕ0(z) = exp(−z) by definition.
The RK and SA methods can be written in a uniform form as
σ∗n+1 = ψ0(∆t/λ)σ
∗
n + ψ1(∆t/λ)E∆, (22)
where now σ∗n = σ
∗(tn). Functions ψ0(z) and ψ1(z) for the methods are given in Table
2. By expanding (tn+1) we arrive at the following formula
σ∗n+1 = ψ0(∆t/λ)σ
∗(tn) +
∞∑
k=1
ψk(∆t/λ)
(k)(tn)∆t
k, (23)
where ψk(z) =
ψ1(z)
k!
.
8By subtracting Eq. (22) from Eq. (20) we obtain the local truncation error
σ∗(tn+1)− σ
∗
n+1 = E0(∆t/λ)σ
∗(tn)
+
∞∑
k=1
Ek(∆t/λ)
(k)(tn)∆t
k, (24)
where the error function is Ek(z) = ϕk(z)−ψk(z). When σ
∗(tn) is on the slow manifold
(see Eq. (2)), then the truncation error is
σ∗(tn+1)− σ
∗
n+1 =
∞∑
k=1
E˜k(∆t/λ)
(k)(tn)∆t
k, (25)
where E˜k(z) = Ek(z)− E0(z)/(−z)
k.
3.1 Nonstiff case
In the nonstiff case, ∆t/λ << 1, we express the error functions in terms of a Taylor
series expansion. The dominant terms of the error functions are given in Tables 3 and
4. Then, by inserting the dominant terms into the truncation error equation we obtain
the local errors. For the first-order accurate methods the errors are given by
EbE ≈
1
2
·
1
λ2
(
−σ∗n + λ
′
n
)
∆t2, (26)
ESA1 ≈
1
2
·
1
λ
′n∆t
2, (27)
and for the higher-order methods
ETr ≈
1
12
·
1
λ3
(
σ∗n − λ
′
n + λ
2′′n
)
∆t3, (28)
EL3C ≈
1
12
·
1
λ3
(
−2σ∗n + 2λ
′
n + λ
2′′n
)
∆t3, (29)
ESA2 ≈
1
12
·
1
λ2
(1
2
′n + λ
′′
n
)
∆t3, (30)
ESA3 ≈
1
12
·
1
λ
′′n∆t
3. (31)
The results are as expected. When λ << 1 and σ∗(tn) is on the slow manifold, the
errors for the RK methods are given by
EbE ≈
(
1
2
′′(tn) +O (λ)
)
∆t2, (32)
ETr ≈
(
1
12
′′′(tn) +O (λ)
)
∆t3, (33)
EL3C ≈
(
1
4
1
λ
′′(tn)−
1
6
′′′n +O (λ)
)
∆t3. (34)
In this case the error of the backward Euler and trapezoidal methods is almost inde-
pendent of λ whereas for the Lobatto IIIC method the error behaves similarly as for
the SA3 method.
93.2 Stiff case
In the stiff case, ∆t/λ >> 1, we ignore the exponential terms and expand the error
functions as a function of (∆t/λ)−1. The dominant terms are given in Tables 5 and 6.
The local errors are now given by
EL3C ≈ 2λ
2
(
−σ∗n + λ
′
n
) 1
∆t2
, (35)
EbE ≈ λ
(
−σ∗n + λ
′
n
) 1
∆t
, (36)
ETr ≈ σ
∗
n − λ
′
n + λ
2′′n, (37)
ESA1 ≈ λ
′
n, (38)
ESA2 ≈ λ
′
n, (39)
ESA3 ≈
1
2
λ′′n∆t. (40)
The local errors behave rather differently as a function of the time step. For the back-
ward Euler and for Lobatto IIIC methods, the error decreases as the step size increases.
For the trapezoidal, SA1 and SA2 methods the leading error term is independent of
the time step. In addition, the error is approximately the same for the SA1 and SA2
methods. Once again, the best choice seems to be the SA3 method. However, in the
slow manifold case the error of the trapezoidal method has a quadratic dependency on
the time step
EbE ≈ EL3C ≈
1
2
λ′′n∆t, (41)
ETr ≈
1
6
λ′′′n ∆t
2, (42)
Furthermore, the error is now the same for the SA3, backward Euler and Lobatto IIIC
methods.
3.3 A numerical example
We consider a differential equation
dσ∗(t)
dt
= −
1
λ
σ∗(t) +
d
dt
(− cos t), σ∗(t0) = σ
∗
0 , (43)
with initial conditions
σ∗0 = 1 (off the slow manifold), (44)
σ∗0 =
λ
1 + λ2
(sin t0 − λ cos t0) (on the slow manifold). (45)
where t0 = pi/4. The exact solution is given by
σ∗(t) =
(
σ∗0 −
λ
1 + λ2
(sin t0 − λ cos t0)
)
e−(t−t0)/λ
+
λ
1 + λ2
(sin t− λ cos t). (46)
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The errors after one time step are shown in Fig. 1. The numerical results are in
accordance with the theoretical predictions. We see that in the stiff case the error is
almost the same for the SA1 and SA2 methods and for the backward Euler and Lobatto
IIIC methods the error decreases as the time step increases. In the slow manifold case
we see that the error is approximately the same for the backward Euler, Lobatto IIIC
and SA3 methods when ∆t/λ >> 1. In addition, the trapezoidal method produces the
lowest error.
4 Uniaxial Maxwell solid
4.1 Constitutive model
We consider a linear viscoelastic constitutive equation of the form
σ(t) =
∫ t
−∞
E(t− τ )˙(τ )dτ, (47)
with a kernel function
E(t) = E∞ + (E0 − E∞)e
−t/λ, (48)
where E∞ is the long-term modulus and E0 is the instantaneous modulus. The model
represents the standard linear viscoelastic solid in which a Maxwell element is connected
in parallel to a Hookean spring. Alternatively, the constitutive equation can be written
as
σ(t) = E∞(t) + σ
∗(t), (49)
where the evolution of the internal stress is given by Eq. (1) with E = E0 − E∞. The
numerical solution for the internal stress is given by Eq. (22).
In the following we analyze the performance of the integrators in typical exper-
iments which are most likely encountered in practice. We consider two strain-based
experiments
(t) = 0, (50)
(t) = ˙0t, (51)
and a stress-based experiment (creep, σ(t) = σ0)
(t) =
σ0
(E0 − E∞)
(
1− (1− η)e−ηt/λ
)
(1/η − 1), (52)
where η = E∞/E0 ∈ (0, 1) is a dimensionless parameter. For elastic materials we would
have η = 1 whereas for viscoelastic liquid η = 0. Although we consider also a stress-
based experiment, we study a strain-driven problem in which the stress is regarded
as the unknown variable. Further, we are mainly interested in cases in which ∆t/λ is
relatively large, say greater than one.
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4.2 Relaxation
For this problem the SA methods yield exact results. For the RK methods we charac-
terized the performance of the integrators in terms of an amplification factor, i.e. ratio
σ∗n+1/σ
∗
n, which are
AbE =
1
1 +∆t/λ
, (53)
AL3A =
1− 1
2
∆t/λ
1 + 1
2
∆t/λ
, (54)
AL3C =
1
1 +∆t/λ+ 1
2
(∆t/λ)2
. (55)
The exact amplification factor is exp(−∆t/λ). The amplification factors are shown in
Fig. 2. The backward Euler and Lobatto IIIC methods are accurate for both very small
and large time steps. Trivially, at limit ∆t/λ→∞ the A-stable trapezoidal method is
inaccurate. However, in the nonstiff case the trapezoidal method is more accurate than
• the backward Euler when ∆t/λ . 2.6,
• the Lobatto IIIC when ∆t/λ . 0.9,
when measured by |Aexact − Anum|. We note that when ∆t/λ > 2, the amplification
factor of the trapezoidal method is negative and in that case the trapezoidal method
produces oscillations.
4.3 Constant strain rate problem
To begin with, we illustrate in Fig. 3 the typical performance of the integrators in a
constant strain rate case. The numerical solution of the backward Euler and Lobatto
IIIC methods follows the true solution smoothly whereas for the SA1 and SA2 methods
the numerical solution diverges from the true solution after the transient phase. The
most notable difference is observed between the backward Euler and SA2 methods.
To verify the observations let us first analyze a case where the solution approaches
the steady-state solution σ∗ = (E0 −E∞)λ˙0. When the strain increment is constant,
the recursive relation (22) yields a geometric series and therefore the numerical solution
can be expressed in a closed form. When time tends to infinity, i.e. n→∞, the solution
is given by
σ∗ = (E0 − E∞)λ˙0 ·
∆t
λ
ψ1(∆t/λ)
1− ψ0(∆t/λ)
≡ (E0 − E∞)λ˙0 · f(∆t/λ). (56)
The RK methods produce a correct limit value irrespective of the size of the time
step. For the SA1 and SA2 methods f(∆t/λ) decreases rapidly as ∆t/λ increases. In
the stability limit of the forward Euler method we find that f(2) ≈ 0.31 for the SA1
method and f(2) ≈ 0.85 for the SA2 method.
In the transient phase we may expect the SA methods to perform reasonably well.
This is illustrated in Fig. 4 where the relative errors after the first time step are
shown. For small time steps the SA2 method is the most accurate. However, even the
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backward Euler method is more accurate than the SA2 method when the time step is
large enough. For large time steps the best choice is the Lobatto IIIC method.
Finally, we point out that we may expect the integrators to perform similarly also
in a constant stress rate case since in that case, too, the strain rate tends to a constant
value after a transient phase.
4.4 Creep
In the case of creep, the exact amplification factor is exp(−η∆t/λ). The local error is
given by
σ∗(tn+1)− σ
∗
n+1 = e
−η∆t/λσ∗(tn)− σ
∗
n+1
= e−η∆t/λσ∗(tn)− ψ0(∆t/λ)σ
∗(tn)
−ψ1(∆t/λ)(E0 − E∞)∆
= e−η∆t/λσ∗(tn)
−
(
ψ0(∆t/λ) + ψ1(∆t/λ)
× (1− 1/η)(e−η∆t/λ − 1)
)
σ∗(tn)
≡ (Aexact −Anum)σ
∗(tn), (57)
where Anum can be viewed as the ”local” amplification factor.
In the limit ∆t/λ → ∞ all of the methods are accurate except the trapezoidal
method. However, the amplification factors behave rather differently as ∆t/λ increases.
When η is small, the amplification factors of the SA1 and SA2 methods approach the
limit value rapidly, whereas for the backward Euler, Lobatto IIIC and SA3 methods,
a slower but smoother behavior is observed, see Fig. 5. From Fig. 5 it can also be seen
that the trapezoidal method performs considerably well even for large ∆t/λ. Clearly, for
stress-based experiments, the retardation time τ = λ/η > λ, which is a time constant
of the creep compliance, characterizes the stiffness of the problem. Consequently, the
stability of the integrator of the viscoelastic model should be tested for a relaxation
type problem rather than for a creep type problem.
For a nearly elastic material, the SA methods perform considerably better than the
RK methods. This is shown in Fig. 6.
5 Multiaxial material model
5.1 Material model
We consider an isotropic constitutive model where the total stress σ = [σ11 σ22 σ33 σ12 σ13 σ23]
T
and strain  = [11 22 33 12 13 23]
T are decomposed into deviatoric and volumetric
parts
σ(t) = s(t) +mp(t), (58)
(t) = e(t) +
1
3
mφ(t), m = [1 1 1 0 0 0]T, (59)
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where s is the deviatoric stress, p = 1
3
mTσ is the mean stress, e is the deviatoric strain
and φ = mT is the volume change. The deviatoric stress is given by
s(t) = 2
∫ t
0
G(t− τ )e˙(τ )dτ, (60)
where G(t) is the shear modulus and the mean stress is given by
p(t) =
∫ t
0
K(t− τ )φ˙(τ )dτ, (61)
where K(t) is the bulk modulus. We assume that the bulk and shear moduli are given
by
K(t) = K∞ + (K0 −K∞)e
−t/λK ,
G(t) = G∞ + (G0 −G∞)e
−t/λG .
(62)
Corresponding compliances for bulk and shear are
B(t) = B0 + (B∞ −B0)(1− e
−t/τB),
J(t) = J0 + (J∞ − J0)(1− e
−t/τJ ),
(63)
where
B0 =
1
K0
, B∞ =
1
K∞
, τB = λK
K0
K∞
, (64)
J0 =
1
G0
, J∞ =
1
G∞
, τJ = λG
G0
G∞
. (65)
5.2 Stress integration procedure
The numerical solution for stress is given by
σn+1 = sn+1 +mpn+1
= 2G∞en+1 + s
∗
n+1 +K∞mφn+1 +mp
∗
n+1, (66)
in which
s
∗
n+1 = ψ0(∆t/λG)s
∗
n + 2ψ1(∆t/λG)(G0 −G∞)∆e,
p∗n+1 = ψ0(∆t/λK)p
∗
n + ψ1(∆t/λK)(K0 −K∞)∆φ,
(67)
where the functions ψ0(z) and ψ1(z) for the SA and RK methods are given in Table 2.
The Jacobian, i.e. the consistent tangent operator, needed in the Newton’s method
is given by
∂σn+1
∂n+1
= 2
[
G∞ + ψ1(∆t/λG)(G0 −G∞)
] [
I−
1
3
mm
T
]
+
[
K∞ + ψ1(∆t/λK)(K0 −K∞)
]
mm
T. (68)
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where I is the identity matrix. To get a rough idea of the relative difference of the
various tangent moduli we compare the volumetric part of the moduli. The volumetric
part can be given in form [
1 + ψ1(∆t/λK)(1/ηK − 1)
]
C
∗, (69)
where ηK = K∞/K0 ∈ (0, 1) is a dimensionless parameter and C
∗ = K∞mm
T is a
common factor. The relative difference can be now computed as a function of ηK and
∆t/λK . The tangent operator of the SA3 method was chosen as the reference operator.
The relative difference is shown in Fig. 7 using the value ηK = 0.1 for the dimensionless
parameter. It is seen that for small time steps the SA2 method is closest to the SA3
method. For the backward Euler and Lobatto IIIC methods the difference significant
decreases once the maximum difference is attained. Consequently, for large time steps
the Lobatto IIIC method is closest to the SA3 method.
5.3 Uniaxial tension
We consider a problem where the isotropic material is subjected to uniaxial stress
σ11(t) = σ˙0t where σ˙0 = 0.5 kPa. In this case we try to find the solution for the
volume change and for the deviatoric strain components. The exact solutions for the
volume change and for the deviatoric strain component in 1-direction are given by
φ(t) =
1
3
(B ∗ σ˙11)(t), e11(t) =
1
3
(J ∗ σ˙11)(t). (70)
The material parameters are given in Table 7.
The solution for the strain components is found by solving a residual equation
σ(tn+1)− σn+1(n+1) = 0, (71)
using the Newton-Raphson method

k+1
n+1 = 
k
n+1 +
(
∂σn+1
∂n+1
)
−1 (
σ(tn+1)− σn+1(
k
n+1)
)
. (72)
where k is the iteration number, σ(tn+1) is the exact stress vector and σn+1 is the
computed stress vector. Since the residual equation is linear, the Newton-Raphson
method converges in one iteration. Once convergence is achieved, the volume change
and deviatoric strain components are computed and the internal stress variables are
updated.
The relative error at time t = 10 s is shown as a function of the time step in Figs.
8 and 9. For the deviatoric part the problem is nonstiff and thus for the deviatoric
strain component the first-order accurate SA1 and backward Euler methods produce
largest errors. For the volume part the problem is stiffer, the time constants, λK and
τB , are order of a second. Furthermore, at time t = 10 s the transient phase, due to the
exponential function, has completely damped out. In this case the performance of the
SA1 and SA2 methods decreases. Even for a time step of size 0.1 s the backward Euler
is more accurate than the SA2 method. This is consistent with the observation made
in Section 4.3. Further, we see that for the trapezoidal method the error drastically
increases as the time step is increased from 1 s to 10 s. The Lobatto IIIC and SA3
methods behave similarly in both cases, the only difference is that the relative error is
slightly higher for the Lobatto IIIC method.
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5.4 FEM-example: beam with a tip load
A beam with a tip load F (t) = F0H(t) is analyzed, see Fig. 10. This problem has
been previously considered in References Poon and Ahmad (1998); Zocher and Groves
(1997). The length L of the beam is 20 m and the beam has a rectangular cross-section
of size 1 m × 1 m. The solution for the tip displacement, according to Euler-Bernoulli
beam theory, is given by
w(t) =
F0L
3
27I
[
3J(t) +B(t)
]
, (73)
where I is the area moment of inertia of the beam. The physical properties of the beam
are given in Table 7.
The isotropic model was implemented in the commercial FE-code ABAQUS using
the user subroutine UMAT. The step function H(t) was modeled by a ramp history
wherein the force was increased to a constant value in a single time increment of size
10−4 s. The size of the load F0 was 1 N. A mesh consisting of 10× 10× 200 elements
was used in the analysis. The time step was fixed at 5 s.
The simulation results are shown in Fig. 11. The results are in accordance with the
uniaxial creep case. Compared to the backward Euler, Lobatto IIIC and SA3 methods,
the numerical solution of the SA1 and SA2 methods reaches the steady-state solution
rapidly. Again, the trapezoidal method performs extremely well although the time step
is relatively large compared to the relaxation times.
6 Concluding remarks
In this paper, the performance of various time integrators of the integral model of linear
viscoelasticity was studied. Both analytical and numerical analyses were presented.
The main results can be summarized as follows:
• The difference between the SA3, L3C and Tr methods, and between the SA1 and
bE methods is in the order of approximation of the exponential function.
• The bE and L3C methods are accurate for both a very small and a very large time
step. For nonstiff problems, say ∆t/λ < 2, the Tr method can be considered to be
the best choice among the RK methods.
• For stiff problems we may expect the SA3, L3C and bE methods to behave in
a similar fashion. A similar conclusion can be drawn between the SA1 and SA2
methods.
• The SA3, L3C and bE methods seem to behave more smoothly than the SA1 and
SA2 methods. This should be noted if a notable change is made in the size of the
time step.
• The stability analysis should be performed for a relaxation type problem rather
than for a creep type problem.
• As regards the asymptotically first-order accurate methods, the bE method is a
better choice than the SA1 method.
• Considering the overall performance of the integrators, the SA3 method is a superior
choice. However, the L3C method behaves very similarly to the SA3 method.
Finally, we would like to point out that the analysis was focused on the relaxation-
based material model. For nonlinear models, such as Schapery’s model, the creep-based
16
material model is often used. The results derived herein cannot be directly extended
to creep-based models.
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Table 1 Butcher tableau for Lobatto IIIA and IIIC methods of order 2.
0 0 0
1 1
2
1
2
IIIA 1
2
1
2
0 1
2
−
1
2
1 1
2
1
2
IIIC 1
2
1
2
Table 2 Functions ψk(z) for the numerical methods.
ψ0 ψ1
SA1 e−z e−z
SA2 e−z e−z/2
SA3 e−z 1−e
−z
z
bE 1
1+z
1
1+z
Tr
1−z/2
1+z/2
1
1+z/2
L3C 1
1+z+z2/2
1+z/2
1+z+z2/2
Table 3 Error functions Ek(z) for the methods when z << 1.
E0 E1 E2
SA1 0 1
2
z +O(z2) 1
3
z +O(z2)
SA2 0 1
24
z2 +O(z3) 1
12
z +O(z2)
SA3 0 0 1
12
z +O(z2)
bE − 1
2
z2 +O(z3) 1
2
z +O(z2) 1
3
z +O(z2)
Tr 1
12
z3 +O(z4) − 1
12
z2 +O(z3) 1
12
z +O(z2)
L3C − 1
6
z3 +O(z4) 1
6
z2 +O(z3) 1
12
z +O(z2)
Table 4 Error functions E˜k(z) for the methods when z << 1.
E˜1 E˜2 E˜3
bE 0 1
2
+O(z) − 1
2z
+O(1)
Tr 0 0 1
12
+O(z)
L3C 0 1
4
z +O(z2) − 1
6
+O(z)
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Table 5 Error functions Ek(z) for the methods when z >> 1.
E0 E1 E2
SA1 0 1
z
+O( 1
z2
) 1
z
+O( 1
z2
)
SA2 0 1
z
+O( 1
z2
) 1
z
+O( 1
z2
)
SA3 0 0 1
2z
+O( 1
z2
)
bE − 1
z
+O( 1
z2
) 1
z2
+O( 1
z3
) 1
2z
+O( 1
z2
)
Tr 1 +O( 1
z
) − 1
z
+O( 1
z2
) 1
z2
+O( 1
z3
)
L3C − 2
z2
+O( 1
z3
) 2
z3
+O( 1
z4
) 1
2z
+O( 1
z2
)
Table 6 Error functions E˜k(z) for the methods when z >> 1.
E˜1 E˜2 E˜3
bE 0 1
2z
+O( 1
z2
) 1
3z
+O( 1
z2
)
Tr 0 0 1
6z
+O( 1
z2
)
L3C 0 1
2z
+O( 1
z2
) 1
3z
+O( 1
z2
)
Table 7 Mechanical properties.
Uniaxial tension Beam with a tip load
K0 10 MPa 0.38 MPa
K∞ 8 MPa 0.08 MPa
λK 1 s 1 s
G0 6 MPa 0.19 MPa
G∞ 1 MPa 0.04 MPa
λG 5 s 1 s
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Fig. 1 The absolute value of the error for the internal stress after one time step (λ = 10−2).
In the upper figure the initial value is off and in the lower figure on the slow manifold.
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Fig. 2 Amplification factors in the relaxation problem.
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Fig. 3 Constant strain-rate loading (˙0 = 1 s−1, λ = 1 s).
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Fig. 4 Relative error after first time step in the constant strain rate loading case.
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Fig. 5 Amplification factors in the creep problem, η = 0.1.
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Fig. 6 Amplification factors in the creep problem, η = 0.8.
10−5
10−4
10−3
10−2
10−1
100
0.1 1 10 100
r
e
la
t
iv
e
d
iff
e
r
e
n
c
e
∆t/λ
SA1
SA2
bE
Tr
L3C
Fig. 7 Relative difference in tangent moduli, ηK = 0.1.
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Fig. 8 Relative error in φ at time t = 10 s.
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Fig. 9 Relative error in e11 at time t = 10 s.
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Fig. 10 Beam with a tip load.
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Fig. 11 Tip displacement.
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